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Abstract
A

A restriction on preferences called Latin Square
partial agreement is introduced. It is shown that
the Latin Square partial agreement (i) is logica-
Aly equivalent to the union of value-restriction,
limited agreement and extremal restriction (ii)is
necessary and sufficient for quasi-transitivity
of - the social preference relation generated by the
majority rule and if the number of concerned indi-
viduals is .odd for every triple of alternatives
t?gﬁ.it is necessary ,and sufficient for transiti-
Vitye.
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A Direct Proof of Inada—Sen-Pattanaik~Theorem
on Majority Rule
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Satish K.  Jain

The purpose of this paper is to provide a direct and ,

unified proof for the Inada-Sen-Pattanaik theorem_establishé

ing necessary and sufficient conditions for quasi-transitivity

and.transiﬁivity of‘the social preference relati%n generated

by the majority rule. ‘The theorem states that value-restriction,
limited agreement and extremal restriction conigltute a set

of necessary andAsufficient conditions for the quasi-transitivity
of the social preference relation yielded by the;majority rule, ‘
and if the number of coﬁcérﬁéd'Voﬁers is odd for every triple
of alternatiﬁes then the same three restrictions cohstitﬁte A
a set of necessary and sufficient conditions for transitivity.
We introducesa‘restriction on prefereﬁces_calledeatin Square
partial agreement \LSPA), whlch is logically equivalent to

the union of- value-restriction, . limited agreement and. extremal
restrlctlon, and prove the theorem dxrectly in terms of this
condition. : @ghere is con51derable galn both in terms of .
d@hpllc1ty and clarity. Instead of separate. proofs for the
sufficiency;offvalue-restriction,alimited agreement .and
extremalwrestrictionf‘a:unifiedvproof;igsprovided.:,Simplifi-,
cation of proof of the necessity part is even greater as i;;is

no lOnger‘nécessaryutOTsYstematicaLly-conside:\allsvialations

- of the three restrictions for arrivid@)at the set of all con-.

figuratlons whlch violate all three restrlctions. Belating‘

qua31-tran51tiv1ty and transitlvity to a. slngle condltlon on



.preferences provides added insight into the structure

o
of the majority/gula

1. Restrictions on Preferences:

| The set of social alternatives wquld be denoted by S.
The cardinality n of S would be assumed to be finite and
greater than 2. The set of individuals and the number of
individuals are design;;\ted by L and N respectively. N
is assumed to be finite and greater than 2.- N ( ) would
stand for the number of individuals holding the preferences
specified in the parenthesis and Nk for the number of
individgé;é holding,ihe, k-th prefe:gnce Qrdeginga ‘Each
individual‘iiEQL is assumed to have an ordering Rji defined
over S. The symmetric and'asymmetriq parts of Rj are
dénoted‘ﬁy%‘li‘ and Pji respectively. The social preference
relation is denoted by R;;and'its,symmetric;aadwasymmetric

components by I and P  respectively.

\

Majority Rule : ¥ x,ye¢S: x Ry iff N(xP;y) % N(yP;x).

‘An«individualris«defined;to_be“Qoncerned,with respect
to a triple iff. he is not indifferent over every pair of
a;ternatives\belongingﬁtocheutriple, otherwise he is un-

concerned. =



Value-Restriction (VR) : VR holds over % x,y,z% iff
N\ _
TiMdistinct a, b, 7o) /eiSx z i such that
O ! s Mo \»} Oi s Yo ,

[( ¥ concerned i : bP.a v ¢ P;a ) v (V¥ concerned i :

(a Py b@a P, c ) v (b P, a@c P, a)) v (¥ concerned i :
a P, b v aPic)].

Linited Agreement (LA) : LA holds over{x, y, z§ iff J

distinct a, b, e%x, Y, zg such that ¥i : a Ri b.

(1]

Extremal Restriction (ER) ER holds over %x, Y, z % iff

[(F1:aP, bP c)—

¥ a, b, ¢ € Stx, Y 2§

vi ¢ (c P,ra~ c P, b P a )]._

There are 13 logically possible orderings of a triple'

{x, Y zf s listed below. Orderings 1 to 12 are concerned.,

1. xPiniz

2.,xPizPiy 8'-.YIiZP:i.x
3.ylsixPiz 9.yPiinz
4.y P, z P, x 10, x 1; 2 By
5.2z P x P,y Mo 2P x1y
6'Zpiypix ‘ l2.inYPiz
7.xPiniz 13. x«IlyIiz

Following are the six logically poss‘ible R-orderings of
{ Xy, Y, zg : |

(i) x Ry Y Ry z (iv) x Ry z Ry y
(ii)yRizRix (v) 'z Ry ¥ Ry x

(iii) zR; xRy v (vi) y'Ri x Ry z



(1), (ii) and (iii) form the first Latin Square LS
(xvzx) and (iv), (v) and (vi) the second Latin Square
LS (xzyx). We will denote the set of concerned orderings

of Latin Square (xyzx) by T (xyzx) and the set of concerned

) by T(xzyx). From the set
of concerned orderings’(i)”'(4), (5), (7), (8), (9), (10),
(11) and(12) belong to T (xyzx) while (2), (3), (6), (7),
(8), (9), 10), (ll), and (12) belong: to T (xzyx)

orderings of Latin Squareq

i

| A set W of orderlngs defined over a triple % 3YsZ %
corresponds to the conflguratlon of 1nd1v1dual orderings '
1 is's RN-Bover %\ ,y,z.§ 1ff'every ordering in W is
held by some i ¢ L and 1f an: orderlng is held by some
ieL then it belongs to W, W ;would denote the set of

concerned orderlngs in w.

Latin SquarerPartial Agreement (LSﬁA) : If the set of
concerned individual orderlngs over?'x,y,z Scontalns a
Latin Square 1nvolv1ng a strong orderlng then there exlst
dlstlnct a, b € {h,y,z§ s;ch that any individual who holds
an orderlng belonglng to the Latln Square in questlon con-
“51ders a to be at least as good as b.' Formally, LSPA

holds over i x,y,z glff ¥ a, b c € gix,y, § 5

[( :l conclerned l,J,k 6 L ¢ a P b’P<A b RJ c RJ a

Rk aR b) -> (VR € WﬂT (abca)v. aR@)]

\"‘«v



Theorem 1 : LSPA is logically equivalent to the union of

VR, LA, and ER.

Proof: First we show that LSPA -2 (VRVVLAV»ER). Let LSPA .
be satisfied. If the set of concerned Ri does not containi
a Latin Squaie then VR is satisfied as VR is violated iff

the set of concerned Ri contains a Latin Square.

Now suppose that the set of concerned R.l contains
exactly one Latin Square, say, LS (xyzx). Then it follows

that [ 3 concerned i,j,k : x R, z R, Y A 2 Ry Y Rj x A

V' Rk X Rk z ] must be false. Without any loss of generalityl

assume that there does’hot exist any concerned individual

who holds x R, z Ri Ve

« ( Jconcernedi: x Ry z Ry y) . (1)

- [ ¥ concerned i : [(xR;z = yPiz)A

| (zRiY—e 2P, x )J']

— $ 5. ‘ £
> ¥ concerned i [(xRiyRiz—ixRiniz»x}

5, 4

(zRixRiy—a zP, xRy Y )1, (2)

If no ‘Ri e WNT (xyzx) is strong then (1) and (2)
imply that Wie L : y‘Ri x and therefore LA is satisfied.

Next suppose,that some Ri‘a WnT (xyzx) is strong. Then,

as LSPA is satisfied there must exist .distinct a,be%x,f,zg

such that ¥ R, € W AT (xyzx) : a Ry b. Given the fact
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that there are concerned 1nd1v1duals who hold x R y P z,

Y R, z R X, and z P x R; vy, it follows that (a,b) = (y,x).
Aﬂiﬁé}concerned individual holds x R; z R, ¥ -it follows

that for every R; ‘not belonging to W N T (xyzx), also,

PERS

Y R; x holds, Thus ¥ieclL : 'y Ry X which implies that
LA ‘hOldS .

Finally consider the case when both.the Latin %;bares
‘are contained in the set of concerned R;j+ If no individual
has a strong ordering then ER is satisfied. Next suppose

that someone holds a strong ordering, say, xP Yy P A

y ‘ SR :
Ii s '
(: X P y P z | - (3) |
As LSPA 1s satlsfled there must exist dlstlnct a,b¢ {x,y,zf

such that ¥ R, € WnrT (xyzx) : a R; b. "In view of the
fact that Ji : x P; Y Py z, it follows that (a,b) = (x,2z).

Therefore, -
Vi ¢ ( yR zR; x —> yRyzI, x) | | (4)
and ¥i @ ( zRixRiY>~+ zlixRiy ) 7 (5)

|
- As the set of concerned R.‘contains both the Latin

~Squares it follows that there exists a concerned individual

for whom z R Yy R X holds.

(4) and (5) imply that ¥ concerned i : (zRiyRix-9
zPinix). Thus,

3i: oz Py P, x . ‘ | - (6)



By LSPA then there exist distinct a,bé?{x,y,z§ such that
MR, e WNT (xzyx) : a R, b . Asgzxi : z P. v P. x,
5 i gj i i

(a,b) = (z,x). Therefore,
¥i o o (%gzyRiy — in zRiY ) | A7)
and Vi (yRixRiz > yRyxI;z ) (8)

From (3) through (8) we conclude that the set of concerned
R, is]xPyyPiz, 2PyyPix, yPixI;z, inzPiy'f . This
configurafion satisfies ER.

Thus whenever LSPA is satisfied at léast one of the

restrictions VR, LA and ER holds.

Next we prove that (VRv LAv ER)-%L$PA. Now LSPA is
violated iff the set of concerned Ri contains>a Latin Square
involving a strong ordering and for all distinct a,b%x,y,zg
there exist Ri, Rj belonging to the Latin Squarerin ques=-
tion such that a Pi b and b Pj a . That is to say, LSPA
is violated iff the set of concerned Ri contains one of the
following six 3—orderingmsets,‘except for a formal interchahge

of alternatives.

(A) x Py Y Pi z (B) «x P,y Pz (c) «x P, ¥ P, z
y Pi z Pi X Yy Pi z Pi X Y Pi z Pi X

z Pi X Pi Y ) z Pi X Ii Yy z I:.L X Pi Yy



(D) x P, v P; 2 (E) x P,y Pz (F) x P,y Py z
Yy Pi z li X Y I.l z Pi X Yy I.l z Pi X

SN
z Pi X Ii{}) o z Pi X Ii Y z Ii X Pi Y

As each one of these sets violates all 3 restrictions VR,

LA, and ER, it follows that (VRv LAv ER) - LSPA.

2. Necessary and Sufficient Condition for Quasi-Transitivity

Theorem 2 : A necessary and sufficient condition for quasi-
transitivity of the social preference relation generated by
the majority rule is that the Latin Square Partial Agreement

holds over every triple of alternatives.

 Proof : Suppose quasi-transitivity is viqlated. Then there

exist x,y,z such that xPyA szA «(xPz). Lgt§E>denote the

number of individuals who are concerned with respect to the

triple %x,y,zi .

x Py —» N (xPiy) > N (yP;x) )

'— N (concerned i with xRiy) >

N (concerned i with yRix)>

—N (concerned i with xR, Y)

> Ncp (2)

y Pz >N (yPiz) > N (zPiy) (3)

-2 N (concerned i with yRiz)

> Ncyp o | (4)
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“(x P z) - N (z,x) 3 N (xP, 2) (5)
— N (concerned i with zR;x)
N ~

(2) and (4) -3 Zconcerned i : x Ry Y Ry z (7)

e
A

(4) and (6) ~¢2§t0ncerned ity Ry zRyX (8)
(2) and (6) —» 3concerned 1 : z Ry x Ry y (9) ~
(7), (8), and (9) imply that W contains the Latin Square

Cyylzx) (10)
(1), (2), and (3) imply
1t N2 + N5 + N7 + Nlo > N3 + N4 + N, + N8‘+ N9 (11)

1 F Ny + Ny Ny + Njpo > Ny o+ Ng o+ Ng o+ NjeNp (12)

Ny, + Ng + Ng + Ng + Nll 3,Nl + Ny + Ny + N, + le (13)

By adding inequalities (11), (12), and Ql% , we obtain

va+ Ny + Ng > Ny + Nj + Ng (14)
Therefore, ai least one of the orderings belonging to

"WN T (xyzx) is a strong ordering. (15)

Adding (11) and (12), (12) and (13), and (11) and (13),

we obtain

2N, + Ng + Ng > 2N, + Ny + Ny (17)
2Ng + Nyg + Npjp > 2Ng + Ny + N, - (18)
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Adding(j&lé) and (17), (17) and (18), and (16) and (18),

we get
2 Nj + 2Ny + Ng +Nyjp > 2Ny 2N+ Nyt Ny (19)
2 Ny + 2 Ng+ Ng+ Ny > 2Ny +2Ng+ N, + Njp (20)
‘ L AN
2nhl + 2 Ny + No, +§le> > 2Ny + 2 Ng + Ng + Ng (21.)
wa A
Now,
(7). —3 <§> R; ¢ W/t (xyzx) = x P, z (22)
(8) —= 3R € WnOnT (xyzx) @y P, x | (23)
(9) -—-= 2Ry € WOT (xyzx) ¢ z Py Y (24)
(19) — 2 Nl + 2 N& + N9 + le > O
~» 2R, € W ANT (xyzx) : y Pz (25)
(20) — 2 Ny + 2 Ng + Ng + Nll > O
— AR; € W 0T (xyzx) : z Py x (26)
) > 3Ry € W N T (xyzx) ¢ x P. Y , (27)

(22)‘through (27) imply that there do not exist distinct
a, t3<3> { XyYyZ % such that ¥ Ri‘é W N T (xyzx) : a Ri b. (28)

From (10), (15) and (28) we cobclude that LSPA is violated.
Thus it has been shown that violation of quasi-transitivity
impliesiviolation of LSPA, i.e. LSPA is a sufficient condition

for quasi-transitivity.
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Erom the definition of LSPA it follows that it is
violated iff the set of Ri contains one of six sets
A, B, C, D, E, and F mentioned in the pfoof of Theorem 1,
To prove»the necessity of LSPA, therefore, it suffices to
show that for each of these sets there exists an assignment

of individuals which results in violafion of quasiétransitivity4

For (A) take Nj + Ny > Ny, Ny + N, > Ny , Ny +

N, + Ny > N, , for (C) Ny Ny > Ny - Ny + Ny, > Ny »
N2>Nl, for (D) N3>N1>N2,N1+N2>N3, for (E)Nl>

N. , N >N, , N, + N

5 1 3 5 5 Nl , and for (F) N2 > Nl > N3 R

Nl + N3 > N2 ; where subsbript i =1, 2, 3 refers to the

i th ordering in the set in question. Then the social
preference relation generated by the majority rule is

@, A yPz A zPx uwhich violates quasi-transitivity.

3. Necessary and sufficient Condition for Transitivity

- Theorem 3 : If for every triple the number of concerned
individuals is odd then a necessary and sufficient condition
for transitivity of the social preference relation generated
by the majority rule is that over every triple Latin Square

Partial Agreement holds.

Proof : Suppose transitivity is violated. Then for some X,Y,Z2
we must have

xRy ~ yRz ~ zPx



(7) and (8)-» 2 N, + No + Njp % 2 Ng + Ng + Nll
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xRy —> N (X Pi Y) 2' N (Y Pi X)
— N (concerned i1 with x R, y) 2
N' ( concerned i with vy R.lx)

— N (concerned 1 with x Ry y) 2 Ng/2 ’

. where N¢ = number of individuals concerned with

respect to )\x,.y,zg»l

~ N {concerned i with x Ri y) > Nc/2, (1)

‘as Nc is odd. . f

Similarly, yRz —3 N (concerned i with y Riz) > Nc/z. (2).

zPx —» N (concerned i with zRix) > Nc/2 | (3)
(1) and (2) — 3 conce_rned‘i : x Ry ¥ R;z , (4)
(2) and (3)‘-—9 ‘ gc\oncerned iy Ri z Ri X (5)
(1) and (3)—  zconcerned i : z Ry x By ¥ (6)

xRy — N1+N2+'N5+N7+N]\.O P N3+.N4+N6+N8+ N9

(7)

yRz ~>» Ny + Ny '+ N+ Ng + Nyp ¥ N, + Ng + Ng + Nyg + Njp o (8‘_,)

sz...>N4+N5+N6+N8+Nll>Nl+N2+N3+N7+Nl2

(7), (8) and (9) — N; + Ny + Ng > 0

(8) and (9)~—->2N4+N9'+N8> 2N2+N10+N7

(7) and (9) = 2 Ng + Njq+ Njp 2 2 Ny + Ng + Nio

{9)

(10)

’(11')

(12)

(13)
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Now,

. ) 3 )
(11) and (12).~e Np + Ny + Ng + Ny > 0 —> 4 R,¢

W N T (xyzx) ¢+ vy P, z (14)

(12) and (13) -» N, + No + Ng + N;; > O0=3R;¢

- /)

W U“}T (xyzx) : z Py x (15)
-(11) and (l3?~—? Nl + N5 + N7 + NlO > 0*%'&Ri€

W NT (xyzx) : x P, Y (16)

(4), (5), (6), and (10) imply that the set of Ry

containslthe Latin Square (xyzx) involving a strong order-
ing. (4), (3), (6) alongwith (14), (15), (16) imply that
there do not exist distiggf a, b¢ {x,y,z.§such khat

¥ R, € WOT (xyzx) 5“: Ri}b. Thus LSPA is violated, which
establishes the sufficienc; part. Proof of the theorem is
completed by noting that the assignments of the necessity

part of the theorem 2 are consistent with there being

an odd number of concerned individuabs.



