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Abstract

A rights-assignment is called coherent iff the exercise of rights by itself never leads to an empty
choice set irrespective of which profile of individual orderings and which nonempty finite subset of
alternatives are considered. We discuss the following two formalizations of the idea of coherence : (i) a
rights-assignment D = (Dy,...,D,,) is coherent iff for every profile of individual orderings (Ry,...,R,), there
exists an ordering-extension of each and every D; N R;, where D; is the set of ordered pairs assigned to
individual i and R; is i's ordering of social alternatives (ii) a rights-assignment D is coherent iff there is no
critical loop in D. We show that neither of the two formalizations is equivalent to coherence. We present
modified versions of these formalizations and show them to be equivalent to coherence.

We discuss some of the implications of our analysis for the way the idea of a liberal individual is
formalized. We introduce a new formalization of the idea of a liberal individual. Using it, we show the
existence of a collective choice rule satisfying (i) unrestricted domain (ii) conditional weak Pareto-
criterion (iii) coherent libertarianism and (iv) the property that, whenever profile of individual orderings
is such that the weak Pareto-criterion and coherent libertarianism do not conflict, the choice set is a subset
of Pareto-optimal alternatives in the sense of weak Pareto-criterion.
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Introduction

The main concern of this paper is with the idea of coherence of rights-assignments and its
formalizations. A rights-assignment is called coherent if and only if the exercise of rights by itself never leads to
an empty choice set no matter which profile of individual orderings and which nonempty finite subset of
alternatives are considered. In other words a rights-assignment is coherent if and only if Gibbard paradox [3] is
not possible for any profile of individual orderings and for any nonempty finite subset of alternatives.

We discuss two of the formalizations in the social choice literature of the idea of coherence of rights-
assignments and show that neither of the two formalizations is equivalent to coherence of rights-assignments, if
by coherence of rights-assignments we mean the absence of Gibbard paradox for all profiles of individual
orderings and for all nonempty finite subsets of alternatives. Let D = (Dy,...,D,,) be a rights-assignment, where D;
is the set of ordered pairs assigned to individual i (individual i's protected sphere), and (R;,...,R,)) a profile of
individual orderings. One formalization states that D is coherent if and only if there exists an ordering-extension
of each and every D; NR;.! We show that while the existence of an ordering-extension of each and every
D, N R; is sufficient to ensure coherence of D, it is not necessary (Theorem 1).

The second formalization states that D is coherent if and only if there exists no critical loop in D. A
critical loop in D is a sequence of at least two ordered pairs (x,,,y,.), where . ranges from 1 to t, such that (i) each
(X,.,y,,) belongs to some Di,,, (ii) the second element of each ordered pair is identical to the first element of the
succeeding ordered pair, if a succeeding ordered pair exists, (iii) the second element of the last ordered pair is
identical to the first element of the first ordered pair and (iv) the set {iy,...,i;} is not a singleton.> We show that,
like the first formalization, absence of a critical loop in D is sufficient to ensure



coherence of D but is not necessary (Theorem 2).

It is generally believed that these two formalizations are equivalent.> We show that this belief is not
correct. Indeed the two are logically independent (Theorem 3).

Fortunately, slight modifications in the two formalizations make them equivalent to coherence, and
consequently to each other. We show in Theorems 4 and 5 that (i) A rights-assignment is coherent if and only if
there exists an ordering-extension of each and every D; N P(R;), (ii) A rights-assignment D is coherent if and
only if there is no modified critical loop in D. A modified critical loop is a sequence of ordered pairs (X, y,)
which, in addition to satisfying the conditions mentioned in the definition of a critical loop, satisfies the
restriction that xy,...,x; involved in the loop are all distinct.

We also discuss the important special case of symmetric rights-assignments. For symmetric
assignments it is true that D is coherent if and only if there exists an ordering-extension of each and every
D; NR; (Theorem 6).

The analysis of coherence of rights-assignments has some important implications for the way the idea of
a liberal individual is formalized. Consider the following definition of a liberal individual.

Let Y be the set of all ordering-extensions of each and every D; N R;. An individual j is defined to be
liberal if and only if R} =R;NR’ for some R/ € Y, where Rj is the relation that individual j wishes to be
counted in social choice.!

There are difficulties associated with the above formulation. This formulation does not ensure that R
is a sub-relation of R;. For instance, if individual j is assigned the ordered pair (x,y) but not (y,x), then if
individual j happens to be indifferent between x and y, every ordering-extension belonging to Y would have x
preferred to y and consequently we would have x preferred to y in terms of R} as well. Thus, Rj may not

even faithfully reflect the preferences of individual j over his own protected sphere.’

The most important difficulty, however, with this formulation arises because the set of ordering-
extensions Y may be empty even though the rights-assignment



is coherent, as has been shown in Theorem 1. Consequently, it may be impossible for any one to be liberal in the
sense of the above formulation, notwithstanding some individuals' desire to respect other individuals' rights.

Using the result of Theorem 4, we provide a formalization of the idea of a liberal individual which is
free from the above difficulties. Our formulation, in addition, has the nice property that, whenever the profile of
individual orderings is such that the weak Pareto-criterion and the coherent libertarian condition do not conflict,
only ordering-extensions which preserve individuals' unanimous strict preferences are used. Consequently it can
be shown that, if there exists at least one liberal individual in the society then, there exists a collective choice
rule with unrestricted domain satisfying the coherent libertarian requirement, conditional weak Pareto-criterion
and satisfying the property that, whenever the profile of individual orderings is such that the weak Pareto-
criterion and the coherent libertarian requirement do not conflict, the chosen elements are Pareto-optimal in the
sense of weak Pareto-criterion (Theorem 7).

1. Definitions and Assumptions

We denote the set of social alternatives by X. It is assumed that X is finite and # X =m > 3. The finite
set of individuals constituting the society is denoted by N and it is assumed that #N=n > 2.

Let R be a binary relation on a set X. The asymmetric and symmetric parts of R, to be denoted by P(R)
and I(R) respectively, are defined as follows: Vx,y € X :[[(xy) € P(R)iff (xy) € R& (y,X) ¢ R] & [(xy)
e I(R)Iiff (xy) € R&(y,x) € R]]. A binary relation R on a set X is (i) reflexive iff ¥x € X: (x,x) € R (ii)
connected iff V distinct X,y € X :[(xy) € R Vv (y,X) € R] (iii) transitive iff Yx,y,z € X:[(Xy) € R&
(y,z2) € R — (x,2) € R](iv) an ordering iff it is reflexive, connected and transitive (v) consistent iff Vxy,...,.X;
e X, (t 2)  [(X1, X2) € P(R) & (X, Xg11) € Ry k=2,.t-1, — (X, x1) ¢ R] (vi) acyclic iff Vxy,...x;

>
e X, (t > 2):[(Xg, Xks1) € P(R),k=1,..t-1, — (X1, %) € R].



(x,y) € R will at times be written as xRy. P(R) and I(R) sometimes would be written simply as P and |
respectively.

We will assume that each individual i € N has an ordering R; over X. We denote the set of all
orderings of set X by T. The n-fold Cartesian product of T will be written as T". Profiles of individual orderings
will be written on the pattern, a = (R{,...,.R%) € T", orsimply as a = (Ry,...,R,) € T".LetR; and Ry be two
binary relations on a set X. R, is said to be an extension of R; (or equivalently R; is said to be a sub-relation of
Ro) iff (i) Ry € Ry and (ii) P(R;) C P(Ry). If Ry is an extension of R; and R, is an ordering, we say that R,
is an ordering - extension of R;.

Remark 1 : In a fundamental contribution Suzumura has proved the following theorem :
Theorem (Suzumura) : A binary relation R has an ordering-extension iff R is consistent.

We denote by K the set of all non-empty subsets of X; K = 2% - {#}. A choice function C defined over
K is a function which, for every S € K, assigns a unique non-empty subset C(S) of S. A collective choice rule
(CCR) f defined over W C T" is a function which, for every profile of individual orderings a = (R¢,...,R%) €
W, determines a unique choice function C* over K ; C* = f(a).
Unrestricted Domain (U) : A CCR issaid to have unrestricted domain iff domain W = T".

Foreverya € T"andevery S € K, we define :
CiS)={x € S|~ [y € S:(yx) € O PRI
1 =
Ci(S)={x € S|~ [Fy € S:(yx) € P(A ROD-
7=

Weak Pareto-criterion (P) : A CCR with unrestricted domain satisfies the weak Pareto-criterion iff Va € T" and
VS € K:C%S) C Cy(S).
Strict Pareto-criterion (P): A CCR with unrestricted domain satisfies the strict Pareto-criterion iff va € T" and
VS € K:C%S) c Cf(S).

The 2-fold Cartesian product X? is the set of all ordered pairs of X. We



denote by H the set of all subsets of X2 ; H = 2X°,

Let D; € H (i € N) denote the set of all ordered pairs assigned to individual i, i.e., the protected
sphere of individual i. D = (Dy,...,D,)) € H" is called the rights-assignment for the society.

For any set X, we define Ay ={(x,x)|x € X}
2. Coherence of Rights-Assignments

Let D = (Dy,...,D,)) be a rights-assignment for the society. Foralla € T" and forall S € K we define

CiS)={x € S|~ [y € S:di € N:(yx) € D, n PRI}
A rights-assignment D = (Dy,...,D,,) is called coherent iff va € T and VS € K: C%(S) # 0.

In other words, a rights-assignment D is defined to be coherent iff the exercise of rights by itself never
results in empty choice set no matter which nonempty subset of alternatives and which profile of individual
orderings are considered.

In the social choice literature, the idea of coherence of rights-assignments has been formalized in two
different ways. In what follows, we shall show that neither of the two formalizations is equivalent to the
coherence of rights- assignments as defined above.

E-coherence: D = (Dy,...,D,) is defined to be E-coherent iff for every (Ry,...,R,) €



T" there exists an ordering-extension R of each and every D; N R;, i=1,...,n.
L-coherence: Let D = (Dy,...,D,) be a rights-assignment. A critical loop in D is a sequence of ordered pairs <
(s ¥u) > =y (t > 2) such that

(i) (Xu ) €. @1 D;,Vu € {1,2,...t}
71 =
(ii) there exists no i* € Nsuch that (x,,,y,) € D*,Vy € {1,2,..t}

(i) x; =y, and X, =y, Vi € {2,...t}.
D is defined to be L-coherent iff there exists no critical loop in D.

Theorem 1 : (a) Coherence of rights-assignment D = (Dy,...,D,,) does not imply E-coherence of D.
(b) E-coherence of D implies coherence of D.
Proof: (a)
Proof consists of an example.
Let X={x,y,z}, N={1,2}, D =(Dy,D,)
D; =X — {(yx)}
D2 = Ax={(xx), (y.y). z.2)}.

Coherence of D is obvious.

Consider the following profile of individual orderings :
1. xhylhz
2. XPyyPyz
D1 n R1 = D1
D2 N RQ = AX

As D, is not consistent [we have (x,y) € P(Dy), (v,z2) € Dy, (z,x) € D], there does not exist any R
which is an ordering-extension of each and every D, N R;.



(b)
Suppose D is incoherent. Then, there exists a profile a = (R{,..., R%) € T"andanS € K such that
CL(S) is empty. Choose S such that S is the smallest set or one of the smallest sets belonging to K for which

Cg(.) is empty. Let S = {x1,...,x;}, where xy,...,x; are all distinct. From the definition of C&(S), it follows that t
> 2.

As S is one of the smallest sets belonging to K for which CZ(.) is empty, it follows that there exists a
one-to-one correspondence 6 : S — S such that :
VX € S:i[Jir € N: (@ (X)), Xx) € D;, N P("Riy)]
Define :
Y1=X
Vi1 =0 (yr) , k=1,..t-1.
We conclude:
D yr # Yer1, k=1,...t-1, andy; # 6 (y:), as each P (R{) is asymmetric
(ii) y1,....y; are all distinct and @ (y;) = y1, as S is one of the smallest sets belonging to K for which C3(.) is
empty.
Thus we have,
E'j],...,jt € N:
(1. ¥:) € Dji 0 P(“Rji)
V6, Yi-1) € Djr1 N P(“Rji—1)

(Y2, ¥1) € Dji N P (“Ryj1).
Suppose there exists an ordering R which is an extension of each and every D; N RY, i=1,..,n.

Foranyi € Nandanyxy € Xwe have:
(xy) € D, N PRY) — (xy) € D; N R¢
(xy) € D; N P(RY) — (xy) € P(RY)

= (yX) ¢ R{

— (yx) ¢ D; N RY
Therefore,
(xy) € D; N P(RY) — (xy) € P[D;NRY]

— (xy) € P(R)



Consequently we must have,

(Y1, Y1) € PR), (Y& ¥i-1) € P(R) ... ... ... ... (Y2, ¥1) € P(R).

This, however, violates transitivity or asymmetry of P(R). Thus there cannot possibly exist an ordering extension
ofeachand every D; N R, i=1,..,n.

This establishes the theorem.

Theorem 2: (a) Coherence of rights-assignment D = (Dy,...,D,,) does not imply L-coherence of D.
(b) L-coherence of D implies coherence of D.
Proof: (a)

Proof consists of an example.
Let X ={x,y,z}, N={1,2}, D =(Dy, D)
Dl = AX U {(va)l (y,X)}
Dy = Ax U {(y,2), (zy)}
Coherence of D is obvious.
Consider the following sequence of ordered pairs < (X, y,) > ﬁ:l :
(X1, y1) = (X,y)
(X2, ¥2) = (¥,2)
(X3, ¥3) = (z,y)
(X4, Y1) = (¥,X)
We have,
(I) (le)! (y,Z), (Z,y), (le) € Dl U D2
(ii) there exists no i* &€ N such that (x,y), (y,2), (z,y), (y,X) € D;*
(iii) x;=ys ,and x, =y, , forall p € {2,3,4}.
Thus, (X,y) € Dy, (y,2) € Do, (zy) € Do, (y,X) € D, is a critical loop in D. This implies that D fails to
satisfy L-coherence.

(b)

Suppose D is not coherent. Then there exist a = (R{,..., R%) € T" and S € K such that CZ(S) is
empty. Choose S such that it is one of the smallest sets belonging to K for which Cg(.) is empty. Let S =
{X1,.-,X;}, where Xy,...,X; are all distinct. As in the proof of Theorem 1(b), we can conclude that:

Eljl!---!jt € N:



(Y1, ¥) € Djr N P(“Ryjy)
Vi, Yi-1) € Djim1 0 P(“Rji—1)

(Y2, ¥1) € Dji N P(“Rji),
where (i) y1,...,y; are all distinct, (i) {y1,....Y:} = {X1,.-.. %}, (iii)t > 2.
The above implies :

. n
(I) (yll yt)! (yt! Yt—l)a----:(y2: YI) G’L g 1 D7
(i1) {i1.....Jc} is not a singleton, as each R¢ is an ordering and each P(R{) is asymmetric.

Thus (v1, ¥:) € Dje, (Y1, Vi—1) € Dji1 ey (Y2, Y1) € Dy is a critical loop in D and consequently
D is not L-coherent.

Theorems 1 and 2 establish that both formalizations of the idea of coherence are overly strong. While
both formalizations rule out incoherent rights-assignments, they rule out some coherent rights-assignments as
well. It is generally believed that E-coherence and L- coherence are equivalent. The following theorem shows
that this belief is not correct.

Theorem 3: L-coherence and E-coherence are logically independent of each other.
Proof: Proof consists of the following four examples:
(@) Let X ={x,y,z}, N={1,2}, D= (D4, D)
Dl = {(X!y)v (y,Z), (Z,y), (X,Z), (va)}
DQ = @
No critical loop can exist in D, therefore D is L-coherent.
Consider the following profile (R, Rs) :
1. xhylz
2. XPyyPyz
D1 N R1 = D1
As D; is not consistent, there does not exist any R which is an ordering-extension of each and every D; N R;, i
=1,2. Thus D is not E- coherent.
(b) Let X ={x,y,z}, N={1,2}, D=(Dy, Do)
Dl = {(le)! (y,X)}

D2 = {(y,Z), (Z!y)}
(x,y) € Dy, (y,2) € Do, (z,y) € Doy, (y,X) € Dy isacritical loop in D. Therefore, D is not L-coherent.
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It is clear that for every (R, Ry) € T?, there exists an R which is an ordering-extension of each and every D; N
R;,i=1,2. Thus D is E-coherent.

(c) Let X={x,y,z}, N={1,2}, D= (Dy, D)

D1 ={(xy)}

Ds ={(y.x)}

As (x,y) € Dy, (y,x) € D, isacritical loop, it follows that D is not L-coherent. Let (Ry, R2) be such that xP,y
and yPox. For such an (R, Ry), no R exists which is an ordering extension of D; N Ry and D, N Ry. So D is
not E-coherent.

(d) Let X={xy,z}, N={1,2}, D=(Dy,D,)

D1 ={(xy)}

D, ={(y.2)}

It is clear that D is both L-coherent and E-coherent.

Now, we shall introduce a modified version of E-coherence and show that the modified version is
logically equivalent to coherence.
Modified E-coherence (ME-Coherence): A rights-assignment D = (Dy,...,D,,) is defined to be ME-coherent iff for
every (Ry,...,R;) € T" there exists an R such that it is an ordering-extension of each and every D; N P(R;), i =
1,..n.

Theorem 4: A rights-assignment D = (Dy,...,D,,) is coherent iff it is ME-coherent.

Proof: First, we establish that ME-coherence implies coherence. Suppose coherence is violated. Then there exist
profile a = (R},..., R%) € T"and S € K such that C4(S) is empty. Choose S such that it is one of the smallest
sets belonging to K for which C¢ (.) is empty. Let S = {x;,...,X;}, where xi,...,x, are all distinct. As in the proof of
Theorem 1(b), we can conclude that :

Fj1yeenjt € N

(1, y:) € Dj N P(RS)

(Y1, ¥i-1) € Dj, N PR}

(Y2, ¥1) € Dj N P(R}),

where (i) y1,...,y; are all distinct, (ii) {y1,....y:} = {X1,..x.}, (ii)t > 2.
Asforeachi e N, P(RY) is asymmetric, it follows that Vi € N:

P[D; N P(RY)]=D; N P(RY).

Therefore, if there is an R which is an ordering-extension of each and every
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D; NP(R{), i € N, then we must have (y1, ¥¢), ( Y¢ Yi-1) ».r (Y2, Y1) € P(R), which is impossible. Thus D
violates ME-coherence.

Next, we show that coherence implies ME-coherence.

Foreachi € N, define:
Qi =D; N P(RY) (i)
Let Q" = 61 Q7 (ii)
1=
Takeanyi € Nandanyxy € X:
(xy) € Qf — (xy) € P(R{)
— (yx) € P(RY)
— (yx) ¢ Qf
Therefore,
P(Qf) = Qf (iii)
Considerany x,y € X:
Suppose (x,y) € Q“and (y,x) € Q*
(xy) € Q* — di € N:(xy) € Qf
(yXx) € Q* — Jj € N:(yx) € Qj
As Qf and Qj are asymmetric, it follows thati # j. Consider C3 ({x,y}). In view of (x,y) € Qf and (y,x) €
;. we conclude that it is empty. This, however, contradicts the coherence of D. So we conclude,
(xy) € Q" — (yx) ¢ Q"
This establishes,
Q" =P[Q"]. (iv)

Next, we show that Q“ is consistent.
Suppose Q“ is not consistent. Then there exist X,....x; € X, t> 2, such that :
(X1, X2) € P(QY), (Xp, Xp1) € Q% k=2,...t-1, (X;, X1) € Q°
— il € N1 (X, X2) € QF, (Xpy Xi1) € Qf, K=2,..t1, (%, 1) € Qf
— Jig,eul € NI (X, X2) € Dip N PRY), (X, Xk+1) € Dip N P(“Riy), k =2,...,t-1, (X;,x1) € Dy, N
P(R})
— Ce({X1, X }) = 0,
which contradicts the coherence of D. This establishes that Q“ is consistent
Therefore, by Suzumura Extension Theorem, there exists an R such that,
Q* Cc R (v)
and P(Q") C P(R) (vi)
From (i) - (vi), we conclude that foreachi € N:
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Qf ¢ Q* CR

and P(Q?) < P(Q%) C P(R).

Thus, we have shown that there exists an ordering-extension R of each and every D; N P(R¢), i € N. This
establishes that D is ME-coherent.

Next, we introduce a modified version of L-coherence and show that the modified version is equivalent
to coherence.
Modified L-coherence [ML-coherence] : Let D = (Dy,.....,D,)) be a rights-assignment. The sequence < (x,,
y.) € D, > ﬂ:l i, € N, (t > 2)is said to be a modified critical loop in D iff (i) X, = y,—1 , p=2,...,t
and x; =y, (ii) {i,...,i;} contains at least two distinct individuals (iii) Vj,k € {1,..t} :X; =%, — j=k Dis
defined to be ML-coherent iff there exists no modified critical loop in D.

Theorem 5: A rights assignment D = (Dy,...,D,,) is coherent iff it is ML-coherent.

Proof: Suppose coherence is violated. Then there exist profile a = (R{,...,R%) € T*and S € K such that Cg (S)
is empty. Choose S such that it is one of the smallest sets belonging to K for which CZ(.) is empty. As in the
proof of Theorem 1(b), we can conclude that : Jj;,...,j; € N:

(Y1, y:) € Dji N P(R])

(Y, Yi-1) € Dj, N PR}

(Y2, y1) € Dj N P(RY),

where (i) yi,....y; are all distinct, (ii) {yi,...y:} = S, (iii) t > 2. As each P(RY), i € N, is asymmetric and
transitive, we conclude that {j;,....js} contains at least two distinct individuals. As yi,....y; are all distinct, it
follows that (yi, y:) € Djr, (¥+, Vi-1) € Dy, .oy (Y2, ¥1) € Dy, (t > 2) is a modified critical loop in D.
Therefore D is not ML-coherent. This establishes that ML-coherence implies coherence.

Next we show that coherence implies ML-coherence.
Suppose D does not satisfy ML-coherence. Then, there exists a modified
critical loop in D, i.e., there exist X;,...x; € X, ij,..,iy € N,t > 2, suchthat (i) (Xg,Xpr1) € Dip, k=
1. t-1and (x, X;) € D;, (ii) {i1,....i,} contains at least two distinct individuals and (iii) Xi,...,x; are all distinct.
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Leta € T" be such that (xi, X¢+1) € P(“Rig), k=1,..,t-1, (x;, X1) € P(R}). Suchana € T" can
always be found because (i) {iy,...,i;} contains at least two distinct individuals and (ii) Xi,....%; are all distinct. As
(Xg, Xg+1) € Dip N P(R7), k=1,..t-1,and (x;, x;) € D; N P(RY), it follows that C§ ({xi,....x;}) is empty,
which violates coherence of D. This establishes the theorem.

3. Symmetric Rights-assignments

Now, we consider the important special case of symmetric rights-assignments. A rights-assignment D
= (Dy,...,D;,) is defined to be symmetric iff Vi € N:[vx,y € X:[(x)y) € D;iff (y,x) € D;]]. It turns out that
a necessary and sufficient condition for a symmetric rights-assignment to be coherent is that it satisfies E-
coherence.

Theorem 6 : A symmetric rights-assignment D = (Dq,...,D,,) is coherent iff it is E-coherent.
Proof: E-coherence implies coherence, irrespective of whether D is symmetric or not, has already been proved in
Theorem 1. Suppose D is coherent. Consider any a = (R{,...,R%) € T". Define,

G!=D, NRY ieN Q)
G = @1 Go (ii)
1=

From (i) and (ii), we obtain,

G ¢ G*,ieN (iii)

Takeanyi € Nandanyxy € X:

(xy) € P(GY) — (xy) € P(RY), as D is symmetric (iv)
— X £y v)

(xy) € PG &(yx) € G* — (xy) € D;&(yx) € D; &i # j (vi)

(v) and (vi) imply that (x,y) € D;, (y,xX) € D, is a modified critical loop, which contradicts the coherence of D
in view of Theorem 5. Therefore, we conclude

(xy) € P(Gf) — (xy) € P(G")

Thus foreveryi € N:

P(G) c P(G*). (vii)

Next, we show that G is consistent. Suppose G is not consistent. Then
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there exist yy,....y, € X,v > 2,suchthat (y1,y2) € P(G*), (Y&, Yrt1) € G*,k=2,..v-1, (Y, 1) € G*.
As P(G“) is asymmetric, it follows that there exist x;,....x; € X,t > 2, with Xxy,...,x; all distinct, such that (x;,
X9) € P(G*), (Xgy Xit1) € G* , k=2,..t-1, (X, X;) € G*. Therefore, Jiy,....i, € N: (X, X2) € D; N
P(R?), (Xk, Xk41) € Dip N RY L k=2,..,t-1, (%, X1) € D; N R{.Asforeachi € N, R{ isan ordering and
P(R?) is asymmetric, it follows that {iy,...,i;} contains at least two distinct individuals. This establishes that (x;,
X2) € Dy, (X, Xk+1) € Dig , k=2,..t-1, (x;, X1) € D, is a modified critical loop in D, contradicting
coherence of D. This establishes that G* is consistent. Therefore, by Suzumura Extension Theorem, it follows
that there exists an ordering-extension R of G* , i.e.,

G* C R (viii)

and P(G*) c P(R) (ix)

(iii), (vii), (viii) and (ix) establish that for eachi € N:

Gy ¢ G* C R

and P(GY) c P(G") c P(R),

which proves the E-coherence of D.

4. Liberal Individuals and Resolution of Sen Paradox

An individual who respects the rights of other individuals will be called a liberal. In what follows we
provide a formalization of the idea of an individual being liberal. Let D = (Dy,...,.D,,) be a coherent rights-
assignment and let a = (R{,..., R%) € T" be a profile of individual orderings. By Theorem 4, there exists an R
which is an ordering-extension of each and every D; N P(R?), i € N. Let Z denote the set of all ordering-
extensions of each and every D; N P(RY),i € N. Let
I={(xy) € X?|Vi € N:xP(R%)y}.

Define foreachR € Z:

p(R) =#[P(R) n II].

We define Z, C Zby

Z,={R € Z|VR' € Z:p(R) > p(R)}.

LetR},j € N, denote the sub-relation of R{ that the individual j wants to be counted in social choice.

We define individual j to be liberal iff for some R’ € Z, P(R})=P(R$) N P(R’) and IR} =1(R}) N I(R7)
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The set of liberal individuals will be denoted by N, .

It will be assumed that Vi € N-N_ : R =R{.

For every (R7,...,R}), corresponding to (R{,..,.R%)=a € T", andevery S € K we define,
Cox(S)={x € S| ~ [Ty € S:(yx) € QNP(RI)]}

Cix(S)={x € S| ~ [By € S:(yx) € P(N ROI}
TEN

Conditional weak Pareto-criterion (CWP) : A CCR with unrestricted domain satisfies CWP iff Va € T" and VS
€ K:C%S) c Cy(S).

Conditional Pareto-criterion (CP) : A CCR with unrestricted domain satisfies CP iff

Va € T"andvS € K:C%S) C C3*(S).

Lemma 1: Let D = (Dy,...,.D,,) be a coherent rights-assignment and a = (R{,...,R?) € T" a profile of individual
orderings. If a is such that for each S € K, C§(S) N Cj(S) # 0, then there exists an R which is an ordering-
extension of each and every D; N P(R{), i € N as well as of II.

Proof: Leta = (R{,...,R7) be a profile of individual orderings such that VS € K: C{(S) n Ci(S) # 0. Define,

Q?=D; N P(RY),i € N (i)
=0 o (i)
J= Q* Ul (iii)

By definition IT as well as each Q?,i € N, is asymmetric. Q is also asymmetric as has been shown in
Theorem 4. We now show that J is asymmetric. Suppose (x,y) € Jand (y,x) € J, Xy € X. In view of
asymmetry of IT and Q® there are only two possibilities to be considered : (i) (x,y) € Q* & (y,x) € II, (ii)
(xy) € I&(yx) € Q% (xy) € Q" implies that 3j : xP(R?)y and (y,x) € II implies that Vi € N :
yP(R{)x. Therefore (i) is not possible. By a similar argument (ii) is not possible.

Next, we show that J is consistent. Suppose not. Then there exist Xi,....x;, t > 2, such that (x;, Xo) €

P), X, Xpr1) € I, k=2,...,t-1, (¢, X1) € J.As Q" is consistent by Theorem 4 and IT is transitive, it follows
that J being non-
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consistent implies that CZ(S) N Cj(S) = 0, where S = {x,,....x;}. This, however, contradicts the choice of a =
(Rf,..., R%). So J must be consistent. Therefore there exists an ordering-extension R of J.

From definitions (i) - (iii), asymmetry of Q¢,i € N, Q“, Il and J, and the fact that R is an ordering-
extension of J, we conclude :

Qf cQ* cJCR,ieN

P(Q#) C P(Q*) c PU) C P(R),i € N

IcJcR

P(I) c PJ) c P(R), which establishes the lemma.

D-Libertarianism (DL) : Let D = (Dy,...,D,,) be any given coherent rights-assignment. A CCR satisfies DL iff Va
€ T"and VS € K:C%S) C Ci(S).

We say that for a = (R{,...,RY) € T", weak Pareto- criterion and D-Libertarianism do not conflict iff ¥S
€ K:CE(S) n Ci(S) # 0.

Theorem 7: Let D = (Dy,...,D,,) be any given coherent rights-assignment. If there is at least one liberal individual
in the society then there exists a CCR f satisfying (i) U, (ii) DL, (iii) CWP and (iv) the property that for every a
€ T" for which WP and DL do not conflict, VS € K:C%(S) C C{ (S) n C;(S), where C* = f(a).
Proof: Consider any profile a = (R{,...,R?) € T" and let (Rj,...,R}) correspond to a in the manner defined above.
Define :
Ro={(xy) € X*[(yx) ¢ P*U P},
where P*=nN P(R;) andP=_nNn P(R’), R? € Z,.

1 EN JENL

Takeanyj € N_.ThenP(R}) c P(R/) (A)

Therefore, P* U P C P(R/) (B)

From (B) we conclude that P* U P is asymmetric and consequently R is reflexive and connected. Take any x,y
e X.(xy) € PRy — (¥X) ¢ Ry, which in turn implies (x,y) € P* U P. On the other hand (x,y) € P*
U Pimplies (y,x) ¢ Ro which in turn implies (x,y) € P(Ry), as Ry has already been shown to be reflexive and
connected. This establishes that P* U P = P(Ry). Asa P* U P cycle would imply, in view of (B), a P(R7)
cycle negating transitivity of R7 or asymmetry of P(R’ ), we conclude that no P* U P cycle is possible. As
P(Ro) =P* U P, it follows that no P(Ry) cycle is possible which in view of reflexivity and connectedness of Ry
establishes that Ry is acyclic.
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Now define for every S € K:C*S) ={x € S|Vy € S:xRgy}. Inview of the finiteness of X and
the fact that R, is reflexive, connected and acyclic, it follows from Sen's theorem” that C® is a well defined
choice function. Now definea CCR fby :Va € T": f(a) = C“

(i) By construction f satisfies U.

(i)Take any a=(RY,...,R?) € T"andany S € K.Supposey ¢ C%(S). Theny ¢ S;

orthereexistx € S,i € N:(xy) € D, N P(RY). AsD; N P(R?) =P[D; N P(RY)],we conclude thaty ¢ S
or(xy) € P C P* U P=P(Rg). Consequentlyy ¢ C%S), i.e.,, C*(S) < C&(S). Thus f satisfies DL.

(iii) Takeanya=(Rf{,.,R}) € T"andany S € K.Supposey ¢ Ci*(S). Theny ¢ Sor3x € S:Vi € N:
(xy) € P(R}). Thatistosay,y ¢ Sor(xy) € P* C P* U P=P(Ry). Consequentlyy ¢ C*(S), i.e., C*(S)
C C3*(S). Thus f satisfies CWP.

(iv) Consider any a = (R{,...,R}) € T"suchthatvS € K:Ci(S) N Ci(S) # 0,andany S € K.ByLemma
1, there exists an R which is an ordering-extension of each and every D, N P(R?), i € N, and of II. Therefore,
we conclude that every R € Z, is an ordering-extension of each and every D, N P(R¢), i € N and of II
Supposey ¢ Ci(S). Theny ¢ Sor3x € S:Vi € N:(xy) € P(R{). Thisimplies thaty ¢ S, or (x,y) €
IT and consequently (x,y) € P(R7),Vj € N.. Thereforey ¢ Sor(xy) € P C P* U P=P(Ry).Soy ¢
C*(S). In view of (ii), we conclude that C*(S) < Cg(S) N Ci(S).

This establishes the theorem.®
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Notes

1. See Suzumura [7].

2.The idea of a critical loop was introduced by Farrell [2]. The definition of critical loop given here is that of
Suzumura [7]. Critical loop in the sense of Suzumura, however, is not equivalent to critical loop in the sense of
Farrell. Both Farrell and Suzumura definitions differ from the definition of modified critical loop introduced in
this paper.

3. See Lemma 1 in Suzumura [7].

4. See [7] and [8].

5. The important distinction between a person's preferences R; and the preferences that he would like to be
counted in social choice R’ was introduced by Sen [6]. Sen requires R} to be a sub-relation of R;.

6. See Suzumura [8].

7. See Sen [4].

8. In [6] Sen has shown that if there exists at least one liberal individual in the society then there exists a CCR
satisfying unrestricted domain, coherent libertarianism (CL) and the conditional strict Pareto-criterion (CP).
Under the assumption that there exists a liberal individual in the society, Suzumura [7] has proved the existence
of a CCR satisfying conditions U, CL and CP. Suzumura uses the formalization of the idea of a liberal individual
discussed in the introduction part of this paper. By a slight modification in the proof of Theorem 7, one can show
the existence of a CCR satisfying CP in addition to the conditions mentioned in the statement of the Theorem,
provided there is at least one individual in the society who is liberal in the sense of this paper.



