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STABTIITY AND TRANSTTTYIIY*

Satish K. Jain

fntroduc J_on

rn this paper we will show that transitivity is a
necessary and sufficient condition for stability for the elass
of binary soeial decision rules which s atisfy the pareto_
crlterlon. I{or,rever if we consi-der the class of all binary
soci-al deeisi-on r"ures then transitivity does not turn out to
be a necessary condition for stability. rn fact, transitivity
is not a necessary conclition for stability even for the class
of binary sociar decision rules which satisfy the weak pareto
criterion as ean be seen by the following exarople.

ExamoJ_e 1: T.a*. q i -- --!s(/ Lr = 1 {tJtZ : b" the set of social')alternatives and 1et the soclal decision ru].e f be characterized
as follows:

(") For all orclered palrs of arternatlves ("rt), if
individuar- 1 prefers s to t the society does rlkewise.

(b) For all pairs of atternatlves (srt) I (x,y), if
j-ndlviduar l is iddifferent between s ancl t -i;hen soci-ety is
al-so lndi_fferent between s ancl t.

(c) rf indiriclu"ar r is indifferent between x and y then
the society prefers x to y.

rt is obvious that the above soeiar_ dccision rule is
immune from strategic :nanlpulation and hence j-s stabLe. However
this soci-al deeision n;le does not always ylclcl transitive social
preference relation. rf individuar 1 is indlfferent among arl
arternatives then the social preference relati_on yielded by f
violatcs transitlvity.
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t" /3J Pattarialk has shown that for the class of binary
social- decision rules whi-ch satisfy, the pareto * criterion
and are neutral, weak resoluteness Ur* a necessary condition
f or stability. As ever} binary social decision rrle whi-ch

satisfies the Pareto - cri-terj-on and always yields transitive
social preferenee relatj-on is weakly resolute, it fol-fows

that weak resoluteness is a necessary condition for stability
for the cl-ass of binary social d"ecision mles which satisfy
the Pareto-criterion. so a hyproduct of our result is a

generalization of Pattanaikts theorem. 't{eak resoluteness is
a necessary conditj-on for stability for al-l Pareto - inclusive
binary social decision rules irrespeetive of whether they

satisfy neutrality or not.

The paper is divided into tno sectlons. rn the first
section tre preseni the necessary definitions and assumptions.

rn the second seetion rre prove the theorm that transitivity
is a necessary arld sufficient conCition for stability for
the elass of Pareto - inclusive binary functlons.
De f Ln i ti_o_ns and_4€-Slg.p_Lij.pg

TLre set of social al-ternatives (s) will be assumed. to be

finite and the number of elements (") in s will be assuned

to be at least 3. Alternatives are d.efj-ned in such a way

that they are nutually excluslv'e. The set of individuals
will be d.enoted by N. The mrmber of ind.ividuals (r) wil]- be

assumed to be greater than one and f ini-te. xvery ind.ividual
i 6 N wiJ.J. be assumed to have an ord.ering R, d.efined oyer S.

For eyery bi-nary preference rel-ation R , w€ define the

strict preference relation P a:rd. the indifferenee rel-ation
I in the usual wayt 1-e., xPy iff xRy and not yRx; and.

xly iff xPr;r and yRx.

z



Def inlLl_on_L:
3

A socj_al decision rule (SlR) is a
f,nctionar relation i such that for any set of r individual
orderings Rl, " "rRr (one ord.ering for each individua.l), one and
only onc' refr-exive ancr- connected sociar preference relation R
is deterrnined.

R = f(Rt, ..rRl,).

Definitiog*,?-: Condi*ion of iI:r:-estricted Domain
The d'omain of the f rnust i-nclude all logicalry possible
combinations of individual orderings "

Defirli$ion .ri: cond ition of rnd ependence of rrrerer,"ant
Alternatives (r): ret R and R.r bc the sociar binary rerations
determi-ned by f co*csponcling respectively to two sets of
individ'ual prefererrees' (Rrr. ..,R1) and (Ri,...,Ri) ff ,o" 

,all pai'rs of alternatives xrxr in a subset A of s; dil a-r*Lr,
for al-l i, then xRy <*-> yfiry, for al1 xry 0 A.

A functi-on (sm) which satisfles the condition of
lndependence of irrel-evant alternatives wilr be called a binary
function' 'lde now clefine the conditions of monotonicity and weak
monotonlcity for social decision rules wrriclr. satisfy condition r.

ecieilipn J.: Monotonicity (rvr): For ar-l pairs
''Rr) and (nlr "',Ri) of r-tuplcs of individual orderings
domai-n of a 'sDR f , which maps then rcspectively into R

, monotonlcity holcls iff y xry 0 S:

i$i: (xP.v-- t -r t '

(u):

(R'
in the

and. Rt

-l r Ixl1 .v' i

.4..

t.

I
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Defisi&i-Q4*O 
s l,ieak l,lonotonicity (iruf ;: For all pairsnl t

in the domai-n of a sDR f, which rbaps them respectlvely into Rand. R', l,oM holds iff s xry o s:

and

i'

Regaxk r: rt can be easi-r-I seen that in the presence ofcondltions U ancl f , M a.:rd I,.rrII are equivalent. See pattanaik [gI,Definition 6-: -R is a strong orderj-ng iff R:-s an orderinp.

A9{.iEieigq_Zr R is a nutJ- ordering if:i S x,y e S s xfy.
The set of all logiearly posslbl-e orclerings of thealternatives in the set S will be d.enoted by ?r. Ihe set of alllogicaIly possible strong orderings of the a1_bernatives in the sets will be denoted by 7L'. similarly, Tt* l,rill denote the set of a1llogically possible strong orcierings a:rd the nu1l ordering of thealternatives in the set S.

f.', this termi_nol-ogy unrestricted domain (U) means thatevery elenent (sitr.ration) belonging to Tt x ;... y Tt (r tirnes)is in thc domai_n of f .

Deflnltion .e: .{.n elemerr b S i; a best ef e.ment of Swith respect to a binary relation
Vy : (y o S ..=-) xRy).
The set of best elcments

and is denoted by C (S,R).
in S is cal-_-l-ecl its choice set

The soeiety is assune* to aclopt the folr-owing choice

I1a

D irr.LL -L l_ i

procedure. For every configuratlon of
social declsion rule f assigns a unique

inilivi ilual orclerings over
ref]_exive an.d- connected R.
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over s' For every reflexive and connectecl R over s function cassigns a unique subset of s. c ls thc function rrhich ser_ectsthe best elements of ii accorcling to the binary preference relationR over s" rf the choice set contains exact-1-y one el-erecnt thenthat alternative becones the final outcome. I,,,rl:en the cholce setcontains:nore thei:r one element we woulcl assujre that a randonmechanisn is er:rployed to select one element from the crroiee set,such that the probability of any particular element of the chciceset being ser-eeted is r/n i,rhere r: i-s the number of elenents inthe choice set' rf the ehoice set is enpty we assume that adistlnguished alternative xo I S is selectecl.

The l0ttery corresponcling to cholce set c will be denotedby gx' Ihe set of a1l possible outcoites wiI-t- be d.enoted by S*.
We will assume flrat every 1ncl1vidual i has ari ordering Rf def:.ned.over S*. Throughout this work we assune that -bhe donaj-n of f issuch that for every indiv*'ua. i any 10glea1-ry possible orderingof s is adrnissible' Now ,^re state the corredponding assurnption r.^ririrespect to set gx' ide will assune that for every inciiviclual ievery 10gica11y poss:-ble ordering of s* (Ri) is admissibr_e whi-chsatisfies the following two conditions.

(r) The restriction or Rf over s nust agree with Rr.t" ,f3;rfii,:tii"o;,;;liiii:"* wlth the expected utirltv

'nce 
R, is si:eclf'ed, lt induces a quasl-orderi_ng (reflexiv.e

and tra^nsi-tive blnary preference retsf,16p) over S*. ?he precisenanner in which it is done is explained in b':at fo110ws. retci' ci 0 s* - '' xo i bc tvro rotterles co*esponding respect'vely toehoice sets ct and ,rl let the number of indifference classes

I
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(according to lndivicluar Its preference or*ering) rn which elernentsof c1uc2 can be dirridca t' seleet one ele*ent fron cach ind.ifference
class' Arrange these t elenents in the decreasing orcer of
pref erence , *1' ' ' ' , )(t' Now, f or the l0ttery ci conpute the
followlng crunulative probabi_lities .

-^/__ \
IJ\X , + X. j _ 11,L L' _ T'1

^/-- - 1P\d i Xo) = D-

p(x ., i xt-l) = p1_1

p(x r,i *t ) *pt

similarly conpute these cunulative probabilities for the
C; to be designated by qj,s.

Given lncliviclual i r s pref erence ordering over
ttre expected utility r:axinization p:.inciple, ancl only
assert ci Ri c; (.i, c[ e s* _ 

? *o i ) irr
(1, l u1) ancl (o, ) qe ) ana and

Xn exanplo r:ray help illustrate the
S ,-"- - : ntYtZ 

tii

s'6 - i xoi= i x, ytzt(*,yYr(xrz)\ (yrr)*, (*, yrz)* i
Ri - xprrprz.

Fron R. and the cxpcc-bec1 utility maxi-uization prineipal we can
conclude the following,

lottery

s (R:- ) and

-bheser we ca.n

(irt-t) at_rland (n1l u1)

i.roint. let



y Pi (y,r)*
xPf(x,z)* (x,y)" r! z

xPf (r,z)* (x,z)" ef z

*i(x,y,r)*(yrr)" pi z

XP:'V

*!z
a

xlf (x, r) *

(x,z) " rfr
(xrz) " rfr

-6
yP!.u

(x,y)" r{ r

-_) (xryrr)"piy
*) t, rf (x, y,z)x

(xry, z)"pl z

(*,y)* li(x,z)x
(*,y)* ll(r,z)*
(r,y)* Pf (x, y,z)*
(x,z)* l](r,z)*

(x,y, z)* rt(y,z)*
out of bhe p1 pairwise p::,eferences cver the set s* - , xo 118 are
deterr:rineclr- The foll0r,rlng three are frndeten,ine d,

: x, (x,z )* _i r l. Jr, (*,y,r)* i , f'(*, F)*, (*,F,r);i
rf one of these is s;:r:ciflecl thc r",,,lrrrr.r* two r,rj-;.;"1"-;-rrr".
in accordance with the e4,rlectecl utility maxi,ization principle.
suppose ypi(xrz)x' Trren it nust be the case -bhat ypi.( xrJI,z)x
and (x,y rr)* Pl (*rr1*-. similarly,

and (x, z) * ,i (xry, z)*
a*rd (xrr) * ,i (xry r r.)* .

so, given that R, is xprJrprz . there are preeisery three o.clerings
^-tr o)Fur- D' xo i which are eonpatiblc r,rith both Ri and the cxllectecl
utility naxinlzation ]:rinciplef rt can be eas1Iy checked that there
are exactly 41 g:rderings of set s* (Ri) r^rhich are consistent wlth
bOth R. :rnd *ha avh^^-L^.:l --r.r,,_ - "-. -.i araLL the expec_bed utility maxinlzation Irinsiple.

let R, be an orclering of set s. J_,et n*n. be the set of allRi con'sistent with Rj. :rnci the expected utility rl*i,riration principJ-e.
As has already becn noted. it will be assirned that the clonaln of fls unrestricted, that is to salr every erenent of 7r x 7 fi(l tines) is in th'e domain of f' The coryespondj-ng assunptj-on rrith

;"ilJ";"'i:l :" ;',1::Jl:* 
crci':ent or (nfen ni r* x (*yunnfr )

I
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' Throughout this work we shall .lenote inclividua-L irs truc

preferencc orclcring over tl:.e set s by Fr::rd over the set s* by
ilI' 'Now 'r're lntrocluce the noticn of stability of social clecj-sion
rules.

A SDR is defined to be stable iff ibs structure is such
that no indiviclual ever has any incentive to :risrepresent his
preferel'r-ces. rt can be easily seen tha.t thic; is equivalent to
requiri-ng that every <fl'f> (a[r, is an abbrcrriati-on for
(fr.,,..., ilf )) situation be a l,Iash equilibri,nl

@finitior] 9: A sDR is stabre iff eycry .fr'..> situation
is a Nash cquilibriu.:r. 

" l-

Dcfinitlon .lJ=: pareto-criterion (F) : ts xry 0 S:
vi : *iy ancl '. i , si_y _] xpy and '

Defiryition I0_: ideak pareto-criterion (p):

.vi : xplr *i--) xpy.

srrytt:

F anA I, then a necessary

that it satisfies conilition 14.

lvi : xr*y I 
-> 

xry.--j., _i

T,r.nn -****-I: ff f satisfies
condition for the stability of f

U,

is

then in
xtyt and

vL lk
k

however we have

(xPy anct y.rtx)

xrir)v(3rPnx and dt x)v(xTr.y nncl xPur) ,

V (xPy anil xf 'y) T/ (xfy enct yp'x)

Proof : I,et S = .i xrVrr.t... tzn_Zi . Sulrlrose f vlclates M

sts a pair of alternativesr st3r,
twc situations <Ri> a,d <Ri> such that for sone Ic,
' (six <-_> xalr) and (yR:_* <*) ynix).i
: i (yPux ancL

I
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Suppose (xP,, on6 yptx) ancl (ypUx and ,ftr.f ). le t thc

restrlction of <Ri> over , xrI i b" characterized as follorrs:
** e i'il 

. *r, i tsi s i[z: xriy ; si e Nr; y?rx, whcrc

u=tL"r

Now, 1et <fli> be c.s follows:
Yie NrrriyflrrrF, .p zn_z

vie'- =
"'P : "'ixPi'tTi ' Pr zn-Z

vi e Nr 
: ** ,rli . Fi zn-z.

By concitlon r a:rri."bhc fact that <R-{> 1s iden-bical r^rith <R.> o\/oy,l_a
ixry , Tde ccncrude that R- 

",rd R. are icentical over ; xrJr r This
Itogether with conditicn F conptetely dete*iines R.

=ti.=x?Xpzlp.. Fzn_2.
Now construct <Ro> as follows:
IIi P l\T " ---O -O ov+ o "l ; x.PiYr'i',Fi
+i e ]IzU,k,, xr!vl!z.t!
Yre Ns - k:: r yri"eirrFi

!

..n;, and <Ri> :Ire ictentical ovcr
nust bc iclcntical ovcr xrX , by conCition
with conclition i' .ietennined Ro completely.

R.o = y?oxpo rl?o po zn_r.r!-K

ff every incllvidual revei;.1-s his tn_re preferences lre obtain
the situati-on <Fi> which yielcls thc outcor:e x. IIow, given that
eYery i I k is going to reveal his true i:ref ercnces if ind:i viduaf
kts revealed preferenees are Rfl I io then thc si-tuation <Ri> is
obtained which yields the outcone y. As inr1i-vicl"ual- k prefers y tt; x,
it foflows that thc situati-or aEi) is not a Nash equilibriur..

a n-'z

LL- r-

Z-- -'IL-(,

.:

'LtJ

T. |l]hi-
!rr4u

,So, Iio and Rt

i-n conjunction

I



-9-
For the case (xPy ancL y?tx) anCt (yf.,.x eurd xfif)r we h*ve

shown that there exj-sts an af,r, situation whicir ls not a NiLsh
equilibriun' sir:ilarly, the cxlstence of arr <[i> situation
which i-s not a }Iash eElilibriun can be der:onstrated in eaeh of
the renaining B cases' Thls conplctes the proof.

Now we introduce -bl:re f olloi:,ing defini bi-ons .

ggLiltiii-a.Lu: A set of individuat,, v is (m-a)_afnost
decisive ior x agai_nst y iff

(+i S A ; xfrtr and rfi e V; xprJr anrl Vi 0 N-A_y: y?rx)

-) 
xly,

whcre A ; N ancl A r'l V _ g.

Deflnition 13:3 A sct of ind.ivicluals v is (n-a)-decisive
f or x :.gainst y iff

(vi e A: xrrts ancl sl e v: dix) __> x?Y,
where A ', w ana A il r,r - g.

Definition 14: A set of i:rdividual v is nlninally (n-a)_
decisive fo:: x againsi r tff it is (u-a)-decislve for:r against y
and no proper subse-b of it is (rv-a)-decisive for x against y.

Definiticn.Ll: -fr. set of inclividuals v is (n-a)-clecislve
if it is (m-a)-decisive for every orclered. pair cf alternatives.

Dv^finition-L6.: A set of lndlvicluals v is nlnlnally (N_A)_
deeisi-ve iff it is (trt-i)*clecisive ancl no proper subset of it is
(u-ii)_occisive.

@finlr[ign--1-z: R is acyclical over s iff the following ho-1c-rs:

r J_ ia "Z- -,f .*rv 
J_<, J _l_

xi _r andl. *., ) 
-) 

x. X.x . .rJ4Jl_J
Definit-ion l-g: I? is quasi-tra,nsitive iff $ x ry rz e S:
(oPy ernd. yPz)'*> xlal

I



f, F anO M, then a necessary
that it always yields

r']qgof : suir;:ose f does not always yiclcls acyclic ,?, trr.cn
thcre exists a situation (R.) such that the cholce set c(.,irR.):-s

subset (or one of the sr:aIlest nonenpty subsets ) of S for which
choice set c(irn) ls er:lpty' let Ao contain n clcracnts. Ir/ithout
any loss cf gcneralit;. assune [c - i xlr... r*,. i . -r].s Ac is the
snallest nonenilty subsct of s for which cholce set is cnpty wc ni-rst
have a ?-cyclc of r:th ordc'r' without any loss of generality assunc
xa?xr? p ,.r_1p*rrp*1.

let thc restriction of <ni> over ,. xr-rrxl r be cheracterizeii
nS f ol-l ows : Tl c. tr . v n rr-.3 . - u 1!1 ' *"Pi*li si 0 Net *lPi".r' +i g Nr: xarrx*r
whcre tgf I[t - N. As xrpx, by conclition F wrlrrut O" ,;r"*rirl
rn vlew of ccnc"lition M, itr is a (u-rta)-dccisivc set fo, *,, agalnst
xl' IIeir'ce as a cL)nsequcnee of conclition F th.re etists a nonenl:tyset Nl ,- lr"] - ,,r- whieh is ninlnally (m-tr=)-decisive for x* against x..

Irlow, ret <fri> bc as forrows; 
"ottoto" ror x,, against xl

(a) vi e N 
. ",t...,"r *. x*+r Fi Fi r.,.

(b) vi enl u u, a, r{tr : (xoFrx ) i-> (\.Ri*,), for alr xk,x. */io.(") si 0 llr-Nj :(xr.trx,la-> (xotrx,), for. all xo, ,,*e Ao- xl ,.(c1) +i e r{r-Ni i *r_ Fi *2, .. . , x".

By cond i-bion
nr. 

P' *l-' "''xn F *,"*a F F *rr' so thc clicice setu\ s'R) docs not contain anx xic, nrl ( t < n. r.s <Itl> rrr.c-L <[i> 3.rc
iCentical over Ao - .x_ we nust have as a consequenee of condition f,
xrFxrF "'F*o-1 p-*:'Thcrefore no *k, r !k !n, bclongs toc(s-r.F).

Lertr:.2 pz

condition for the

aeyclic Ii.

-10

ff f satisfies
stabllity of f

u,

1s
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lforrr, ( Vi : x_ p. x^

"a'lr, *ril, rnust obtain by condition M. 
*ro 

*z does not belong
to u1s,F). lve have (vic ivl : :

by the (m-m,, u""r"rff":'"; ,l i:,^ :' :::, 
(irisl't= "rr, **)' so

;1.'i" ?.,i;. 
""J".:":",;:;':. 

emptym-
and therefore the outcome for the situation <fr-.> j-s xJ-O

Now assume

Construct <nl ) as1

that individr_ial j e lfa pref ers *l to xo.
follows:

(a)

(u)

(")

<n1)
l-

v Dl

fri?J.Vie if -rii:Rr E'(:n],-L

*1

and

a

TLieref ore

no

Iior,r (+i: x_
I

As x, px-, lre
I'

to c(sl,n').'
Now for all *k, f < k ( m-1, lre must have xrRxO. Suppose not,

for scne k we would have *kp*r_ r^drich gives a rr-i;tr order (r< < m)
D-nrrn'l a r- nr-uyc-Le' *]1' P xo P x1' I{owever th-is con'cradicts the assumptio:r
that Ao is the smarlest nonemlcty subset of s for which c (a,R) is
enirt'y' This contrad'ictron estab-lishes the asse::tion made ab,ove. r-b
ean be checked that lre li.arr

(v:.: x-p.,. 
-lr':-:,:",'::' 

ror ail *i" 3 s k s m-1'

so by condttion I'{ we rnust }iave 
- 'r -L l- K

rt Pl.'*t**k, f !k!m_1 . (c)

*k ' 3 S- k 1 n, belongs to C(s,Rt ).

^ty. x]_, l( e zJ K ',-'

<fri> are ldentlcal
Pl f. Dl ,-l- "m ' ^m.'ul 1'

n.

over t - xr Ilerrce wel-r
^ty *r,. as a consequence

at

must have

of condition f.

(a)

-) 
xrrri *z ).

x, does not belong

(B)

then

p v 
- 

\ .-l
'i nZ 

-, 
*_1 Pi *Z) and (Vi:

must have x",p'x, by condition

--r__
^1ti*2
rrti so,
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i,{e haye rf,i : xaplxn, m*1 S k < n.

xaPtxU , i:r*l ! Ic ( n.

So by conrii-i;ion F ,r" ob,i;ain

(r)

c(s,R') 
= *1, . Thercfore siiuation

The res'criction of <Ri> over 
i **r xr, is as fo1lows:

r-L e Nt' -, i i: **Fj.*r ; vi e f,r: x*tlxa,
vi 0 N - (ri- ,J il - Nr, *r pi ,* -s*rlo"" 

x*.p,x..
Then lfi - lj , is a 6N-j[r:) -aeclsive *"* fo* E, against *1 in viewof condition M. ]{owever this contradiets the fact that N] is a
-mj-nimal (l+-iir )- Occi;:ive set for ' Dffo

+-r44qr \a\--L\3r- qecr-,sr-ve set fO" ** against *1. Therefore we must
have xalr.tx*' This toge-i;i:rer with (s) , ( c), ,r** (e), establishes
tha,t *1 belcngs to C(S,R, ). Prom (a) and (B) no xk, z ( k <. n,belongs to C(s,nr ). Thus

<Ri> yields the outcome *l
4,.- i-As rr:dividual j prcf ers *r to xc, situation <F-i> i-s lrrlnerablcto the situation (]tl), and tl:erefore <Fi> is not a lJash equilibrlun.

?his proves the nL:cessit;r of acyclicity for. ster.bil_ity.

!g@j; ret s be a 3-elcment set of ar-ternatives and let fsatisfy conditions Urf rirI, and always Jrields ac3,cJ-ic R. Then, if *iereexists a ' situati-cln r'^rhich viol-atcs quasi-trai:si-bivity i;hen thereexists a sltuation belon,3.ing to (ntr)l Lrhich yj_ol_ates quasi_
trans i t ivity

Drnn€o T^J- ^ 
.: .'ar-u*u,Ar ,,GT O = i xsytz , . let <Ri> viol:.-i,c:s quasi_.i;ransltivity.lltthout *'y ion" of generarity assuire xpy a^nd ypz and ,, (x?z),

'"'' (xPz) is equi-valent to (xrz v zpx). }lowcver, zpx is imnoss.lble
otherr,"'rise acjrclicitJr i.ro*-rd rce rri-olated. so lie r.Llst haire xTz. 

',ct<R. > be chareicte rt zcd" as f ol-lolrs:
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:rP rrD-*;J!:L

*i'PiI

YP,xP . z
-L l_

JTP,zP,x

ZP- xP. rrI rU

zPrlprx

XL-J{I .zJ-- a

rrhere *grIV- _ tI.{r=J_ t

Cons truc t <R] ) c.s

7-L+i e -u-Ii.lr=_L t

YieNeuNtr

vieI'I...,ulI_)lu
vl e id,, u N_r-l -'72

f o]lows:

nlt{. R
-L l-

--r. I --- Ir,-riJt,iZ

rrizrix
zPl xP lv.

J-

characte rized as fo1lows:

xPiffrz
yf. zp. xrl_
y::-xL.z_La
.xL. zL' . v

J.

zP_. xf . v
I 1v

f

xrlIPrz,

(a)

(b)

(")

(d)

That is to sa"vr <Ri> is

;i : ;] 
u NB u Ntr : xrir,lz vi 0 Ns u \ru Nrz, zrlxrir"'uZ ; x?lzllv ni ^ nr

" -'f : yl_l xpt.z tri ^ rr r

tsi e ILulIoL.j,r_ " "i 
r- v4 o 'oT ; xrirrlz.

+ -' 9 "''10 
; ;,rl; r-oj.*

Everf R] is ej_ther a strong ordering or null ordering of S.so <Ri> belongs to (n' ,)1. 
Now we haye

' "* r'i' vPlz) ano (vi i. yti, *) yeir) and

$l,.en condition i{, this in licw o, *no fact that we heive xpy and ypzand xrz implies tirat we &ust have x?,y nnd yp, z and(xrz v zp,x).
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However, zptx is imposslbr-e otherwise the condition that f
always yields acyclic R woul_d be vi_oiated . Theref ore xT, z
must hold' Thus R' is ident'cal to R and vlolates quasi-
transitivity. so rue have shom: that under the cond.itions of
the lernna, -blie exi-stence of a si-t*ati-on which r,torates quasi-
transitivity implies the exlstence of a situation belongifit to
(n' t )l which vi 6fs{ss quasi-transitivity.

lenma-:i-: rf f satisfies u,r,FrI,I, ancl always yielcls aeyclic
R then a necessary condition for the stability of f i_s that it
always yieids quasi-transitive R.

Proof iet S = ixrlf ;zt lr1r...r%_f i. Suppose f violates
quasi-tr.ansj-tirrity. Ihen by iemma Z, ihere exj_sts a si-tuation
<Ri> such thi:.t it viorates qriasi-transitivity over sone triple,
sa}r ; *ry, z'. and. evLrry i-ndividuai has elther a strong or.dering
or nu1l o,dering over 

",.*rurz'..' 
r/rthout any loss of generality

assume xPry and yp'z and xr'z. frrre restriction of <Ri> oyer
, xrXrz . and can be characterized. as foflows:

+1 e ii, : icI,l -.irr ,r rJL:o4J

VicN
U

vi e N-
D

tsiet[-o
5

rljxriz
zPl xP lvI -1 "

*-r[--rt -^41,Y'L. lz' ,

#ic1.[p:xtlzlir
vio%ivpirpr*

IsierT6:zprrplx

where u il , - T,i.
rnTU:U

as xPty, by cono-i-tlo, F, llur\Izul\I5 is nonerapty, rn vler,r of
eoaditi-on 14, NlmizuNs 1s a (1,r.+o)-d"ecisive set for x agai-nst
)r' ]Ience as a consequence of condiiion F there exlsts a
nonempty set Vxy : NtUiVpijtrIS which is minimaily (N_No)_decisive
f or x against y' By an analogous a,gument there n*i."t" a
nonempty se'6 Yyz ., Nlwrw+ whieh is mininally (N-No )-decisive
for y against z,

I
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Now, constrrrct <R., > as foll_ows:

xPrJrPrzPiwlPi Piwn_r

zPrxPrliPil,,lP j_ Piwn_r

yP.zF.:f .w-P. P rar'-i-*i--'i"1-i -i"n-3
zP.:rP.xP.w-P. P.w-r" a l_ I l_ 1 n-b
vt tr! -T'. t.r T) p.W^-i'-iu'' i"r-i a n-b

By condition F we have xryrz pvrrP Porrr_f . We oi:tain xpy and

yPz as (Vi 0IIxy : :prlr and \,,i e No : xlrf) and (Vi e Vyzt ypiz
alndsieNozyI,z.Idow,(,ri.:zP,,x-.>zP.x)ano(vi.:zilx>
zR.x)' Ther0foz'e in vier,r of cOndition iit (zPx or x].z) mdst holdl_

as we have xr'z' Hoi,,'ever zpx is impossible beeause f always

yields acyclic R. Therefore xrz holds. Thus R is as fol]orss;

xryrz P wr. P P wn_g : xpyr ypz, xlz.
As has alreacly been argued roirr vxy and yyz are nonempty

thanks to condif,isn F. trurthermore Vxy ,, Vyz mu-st be nonemi:ty

otherwise we will- get a contrad"iction as follows. Assr.me

si 0 Vxy ,, Vyz

Sae Vxy-VJ.z

Vi0 Tyz -Vxy
Si0 N-Y:;y*',fyz -No
+l_ r. N-o

Vxv V =d--! 'tro \
VL

Then the restriction of <Ri> over , xrytz i

becr:i;:es as fol lo,as \Ti 0 -r/xy : zPrxPiyr i"..i e Yyz : ;4irzp. x,

dri 0 N-Vxy-Wz-I{o : zpr}pi*r'4ri:0 No : xlryliz. But then r,r,e

must have zPx in vier+ of condition F. 'tio*"r"r, this contrad"icts
xTz as establishecl above. I{ence vxy yyz must be nonempty.

iet indivj-dua1 j g i/xy, Vyz.

let <H- > be as follor,rs:

(a) Yi l r; fl.=R. 
!

l_ l_/- \(b/ xP.zP.vp.w_p. p. wa l-- L-].l_ j_ n-3

<8.> and (Rr) arc ldenti-car for al-r pair.s of alternatives
srt '; I yrz ." So by conditlon f , R arrd R must be

identical for al-I pairs
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ld *-'= / \ :*',oru I F",Ytz'i. Suppose yiz.
set for y against z in view of
the fect that Vyz is a mininat
Thcreforc 1fr, i-s faJ_se, ,:hai is
follows:

xr xr z FwaF . E*, _=, "*. 
, zFy , *Tr.

{J.-J'

rf every 'individ'u,ai i emlloys thc. strategy [i, t.rrr:
situation <-fli> results irhich yields thc outcomc (xrr)*. j'ow
given that every individ.uar- i I i is going to Lr.se strategy q,
if individuaf j uscs -bTLc stratcgJ. 1ii I fr, thc _qiti-rii.tion (Ii.>J J -'i'
obtains r'rith thc cutcoac- x. rndivicuar j prefers the cutc,ile x
to (xrz'*'-fhcrefor" aq) is not a rfash eqi-rilibr.ium and hencc f
is unstabl c. This cLlnpl: i;cs thc prrt)f .

krea:r.3 let f s.Ltisf.y u, ,F, a.rd 1. rf T always yielcls
quasi-trursitive -R, thcn, if 3r se ,r of :Lncir,,iduals v is (r(-A)-
almost decisivc fo*' s,-,.rc o::dr;r.ecr pair of altcrnati-.res it is
(iv-a)-ouc:-sive f or er r- orclercd p:;lrs of alter::rative s.

D-^^-tr"g-a-QJ.: This is a direct gencra,llzation of thc l-cmma that
'a'rrow uses in ihe proof of the Generar ?ossibii_i*y Theoren. sn"
Arrow L-{ *a scn 1-+7.

lcmRq _6: lct f s,-rtisf.y U, F enci f .

qilasi-transi-tive R then it irirplics t]:ai fo::
a unique mlnirnal (U-a) aecisive sct.

Pl:oqll: This lcmma is a straightforrrard_ gcnerali zattan of
Gibbardrs thecrera: -r-o:: a proof sec Guha

r

Thcri rlyz - . j : is c (U_wo)_O.cisivc

cond.ibion I4. However this contradi-cts
(U-mo)*decisivc set for y against z.

-L,u,r seJ'r z"Hy hr:lcis. Thus R is as

If f aiways yie1ds

cvcry A -; I[, there is

f{.



(*)

(b)

(")

(d)

So <.Ii: >l-

3-efenent se t of a-l_ternatives',u r, ur atternatives and.let f satlsfy cond_itions rJe f , lrt; and a.transitir.,. n, 
e t e !,tj aiitd always yield quasi*transitive R. Then, if ther.e, {r iJleT.e cxists a situati.tn lrrhich vlo]atestra:rsit:i-vity then there exists r si*..,r+{^--

which violates tra;rsltivity.
- ^il- -,.!i D{L,urLracn belonging to (r.r,, )L

LqE-at: let uq *
i'iithout any loss o, *",."r;;;",,",=r.:";;TrX.n 

- 

":r;rill,r*r.-'. (yr1x) is equivillenb tc yt.r.. a.,_.
xlz by quasi-tr,.,n=i.l-;---:r 

- r)ur-'pose rTz' 1;hcn we obtain

xlz is f nl sr, s.r,\ *-_ ' t*- z i ' Ilowe vcr,r (i._Liiu, SJ yilZ r:U,.; i b_ f alSc. ::fC th, ,.,,,.f ^.,- __Tthcrcfoz.c yI.z is tr.uc.

;rrf.:T:;::- 
ars:r*:cnt it can bc rocn tha.c xrz hords. r?rus," 

: 
x?6 :ylz , xllz,

lct <Ri> bc ci:ai:actcrlzcd- as fcit onrsVi e j'i- : ::) ;rrl
-L -* irr iz' {ii F l\i " s.rr -_?tsi e Ne, ilir*-iy

Iri ^ i\rv { (, Jtc, : xtr_. :rL zu f_" _j-_

Trl -''.-L e 1rl _3 vl: a.i)
c u*izuia

U -* iJ {iz
trl- CII^ I rrT" gz_r_rZ?rX

+ri e Nr., r ur. xJ. zru ,t' 1.Si p nT o r- ) ru r4ilrri:'/
u ,,4 ; Y/izl?ix Vi p lT o, 1._r

Fi c Tir- , -. --- 
u "11; x-LizlliY?-L U l{S : z?rx.p5 }" -'5 " arlx,-'i} +ri g N_..; ,z.t) _:r

tsi e N. i zl..r,, 
" -'12' a*ixa'Jr

Yi P I'i o' ---o r':12; Xli J-.)i Z+i e Nz: xr. yr.z " - ir, ^'iJ'''i-
| 7-u a_
13whcre *9, l.l- = N.lr=J- t

Noir., cons-bri.rct thr: si tuation7rfi P Tr Tr,r u tll-rvt , ,fi = [,rri e lI- U lv- r xr,r-")r-- U " ''1f , ariJrlZ
tsi e l,e u \o J vrl zrlx

^L -i

+i e Nrru \e i zrl*ri r.L

is characteriJeO .lrs folf sr,as;

znf .\ ri. 2 as f ,l]o:ys :

I
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tsi cNJ

U

tslcli-"b
Sic]{__I

I

x?rIjirz
vl-ll o,-. l.-
z\L . -t . \t

I t-

rr)l-r-loJ r-i2L 
ir

-l - r\ri' r, ) a?
"Y -t- : aL . -I-- .t- :L

ritliu iI12 --rf---l--ot i-^tiJ

zrirrix
-.Tl--rl-
^'iJ'io'

t

I

Every xl is citherl a strong orderlnt or nulr- or.dcrrng of s.
<ai> belongs to (r't)1. ltr3rr ne h.."ve

. - l_ **'1*" /
Given conciitirn ii, this in vi:w. r_,f *h;.,v {r_ yv J)- L,lLcr f act that r,re have ]c_,_r, .r

and yrz and xrz irp]-ies t'i:rit we ii'lst iiave xi,y ;,r:.c1 (yi,, v y!r)
and (z?tx v xr'z). sup.-rsc 'ur-r,, z, tiren 1,,c i;biain xtt z by cruasi_
transitivity (xrty anci J*' z x;.rz). As xi,t z is false it
follows tbat y?tz nust be farse antl he*ec yrrz ri..r_ds. By all
analogcus argrz,tent xI'z ji lcls- Thu.s .X.r = (*,_.,y, yl, z, xi, z),
which violates transitivlty' This c -*:or..ebes the prcof of the le.ura.

&ryiQ__g: If f bcJ-ongs t,_. thc c-lass of fu::ctlons l,rhidr
qof iof-' TT T ;-oiit'-t-urY u, r, P, H, arrcl aJ-walrs J,ri-ercr quasi-tratsii;ive ii then a
ncccssary ccndrtion fi,,.r. thc ed;abi_i-ity.of f is,r;hat it a1wa3.s
yielcls t::exrs lilyc il.

rr:;gt, lct s =, xt.ytrr*l-t... tr,.r.,-- , I Su,;ir..sc f 
'lclatc:;transitivityi Then by -Ler."t:i 7 *r".o "rr"r" ., sit,_,..*:_.,n <Ri>

such that it vicl*tes t-ra:rsiti.rity Lrvcr sone triple, szyt.i xrTrz i,

ancl every individ.ual has cither L-r. stroir.g or.dr,rlng or null
odering over i xtYtz f : ilithout .ny loss of gcnc::ali-ty assLr,ne'l
xilty and yl'z anrl xr'z. fhc z'estriction cf <n;> over -.r xryrzl
ca:r be characteri-zed as follows:

So
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TIi ^ 11\r Yr\+r_ e (Nt i V) U (irZ y)
&i - t\l t 1TI L U r\r5 I V

tsi e l,i-T/-N
o

#l-cN
l.-,,

e IIs z zpl"p]l
e i{d : zrirllx
E juo : xf r-;,Irz,

Fi e tft
Vi cN^-Z
SieNr
Tri e id"

+

rclvpl s
l-" - l-

--l * r\rr, D I r-4L.A.l:.V
t-

rrDl--Dl-
,l!:a\L.u-tl-

Tfi

TTJ?I

TTJ.a_L

: vP'. zP'. r" l- -f--
6

n"here tgoNt _ r\tr.

1,[e have Vi e tdrl.i i[ZU iI_ . r*.if a,rd Vi e idqu %U Ne " ypi,
and +i g ITo: xrlr' Trris yiercls xrr'y. The::efor""orrrt*zu ],ib i-
(tf-tfo)-almost clecisive for (*r:y). Ry lemrna 5 tliis implies that
lIlU i\IpU l[5 is a (N-No)-.iocj"sive ser. Idor,r, bJ, iernma 6 there
exists a unlque minj-mal (ll_tro)_ciecis;ive set V.. Iherefore
Y :'- filu iYzu N5' llow I{, /rv m,s-b be *onenpty. f;6.ppose not, .biret
y a NzU ND: As vi e tI-U lls : z?lr a:id vi 0 i,io t ztlv, i,re must
have zrry by r'he (tri-tro) cucisiveness oi Yl *or.r", zI-ry i-s false.
This proves tira-t llt , T is nonerpty. By an anaiogous argune nt
itl, ii V can be shown to be ncnempty.

' I'iow, let s-i .1;u.atron <ff," > be as f ol lons ,

ret Ni = (tra r: v) u (t,rr,': y), It; - iis,,i v, lT; = i,i_y-lro. As
tsl 0 v: *F'y tto- sl e N^: *IrJ,, rue must have -4.' sJppos" yFz. .Thisl-'
'iarplies tfu.t ni,^; is $ fu-il')-,r*o.t ciecisiye set for (y,u). Then
by lem:-ra .S. tflUlli is. an -(t+;iV,.,)*ciccisivc set. 3ence .bt::re exj_sts a

,nl-rrima;l (r-ltof-a6cisi; ;;t- o'
L-'I'* lrluiv=' "o" v' : II; = d and lii l o, it forr-orrs that v l v,.
I{ot'rever this contr"ad.icts the z'esult of l-enrma 6 -L}rat there is a
unj-que rninimar (tu-tro ) -oe cisive sci. Theref,o::e fr, is f arse.
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ltrow suppose zpy. lhen i'i. i $ an (if-llo )-almost deci.sirre set f or
(zry) and hence 3, (t;-rtl^)".:ec-isj.v'e set irr vj-ew of lerma 5.' o'
Therefoi:e there exi-st.q a n'jiiina.L (t,l-trlo)-a"cisive set vr ,... Nl.'1

-^- V' r., i.Ti ,", + ancl ,,i - d, it j..cl rcrrrs that V I V' . Ilowever

it contraclicts the resu.li; cf .lerai::a 6 thait there i-s a uniclue
- /r,. -- \ .ml_nlna-i ( l\ -t\\-. ,"o ) -decis:l-"-c se t " Ihere f o::e zPlr is f alse . Ilence

by the coirnecteclness of li, yi, ,rust hol-d . By an a.nalogous

arg,rment it calr be shor^rn i:bat xiz must ?iol-ci. Thus E is as

follows:

x ry t z f;,'-, p F,or_= ; xFy , yTZ, xT, .

let j g i{:_ "r^tC rrssrlr,e 1,-rlat i-ndiviclual- j prefers
(xry, z)**i.,,)'Construct ihe situaLi-cn <Ri> as fo].lows:

(") t{ilj:ii"=fl,
-r

(O) yP.,:lP .zP-tr-,F. P,,'-_r.
JJJr.t jij.-c'

<Hi> and <8. > are i cieni:r-ca.l t'or. a.1t pairs i. r: rt';, I . xrlf ?heref o:

''",t,1 xrxi. Suppose
xPy, then V - :j , i= r:i (:r-rl )-ciecisive set in view of ienma 5.

I{owever t}ris ";; ,r;0..";='., ,,";".;-;;;- i/ -is a min,imar .N-rv ) -\1, ..o,

d ecis i-ve s et . T'heref o::e ::Iry i-s _i:t s e . i'Iext suppose ypx.

Ihis means tha'L i'ii,.r ;f ! 
j* en (.r,t-tfo) - aecisive set.

Therefore ther.e exis'i;s a ni:rirrat (lt-tto )-A"cisive set
rrl ..- ort ,, I -. \ ,.^ ".1 ; .-j.,-l rhv '.- l{_ ri -t-z ,\ i'-: Iu- ir i',; ,,r =* "rrd iflld, it fo]-rows

that V I yr This :ontr.adi cts -i,'he ::esr-L1t of lemrna 6 that
there j-s a rrniclue njirj-na't i l:-l'l^ )-r"ci-sive set. Therefcre

yPx is false. Iierrce xT]. nust hold- Thus E is as follows:
xryrz p r,ra p p T{r:_b ; xly, TAz, xTz.

<Hi> yields the outcome (x,z:))'a:rcl <Ri> the outcome

(*ry ,z)x. As indirri,c.uat j pr:efer. (*1, ,z)x to (*rr)n, it
follows that <fr-> is irct a rlash eo,urlibrium being vutne::ablea
to <R*>' this completes the proof-

a
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regma-9: ret f satisfy rI, r, and- p. rf f always yields

transitive R then for evelrJr A ,, II thcrc exlsts a unlque min'mal
(tr-a)-decisive se t which ccnsists of a singlc ii:dividual.

-;rqq{." By r-emmer 6 for, ,very ri ,, i,[ a unique minimal
(ir-a)-decisive set ls rnpiied. sc ihc on.,y thing that we have
to prove is that for everJr l,: ii, th.e ur:ique ininimal (fV_a)_
c'eeisive set consists of a s:ir;re inc,ividuar-. suppose that .Lhe

lemma is false, then fcr som€ -li the unlque minimal (N-A)-
decisi-ve set v must consist of af ieas,; t.r,ro incrividuals.
Partition I'linto vt aind vz uher: .h ccns-i sts of a single
indlviduarl r[ow consicler bhc foilor,v.ing configuration of
pref erer""u.'

,l.rf n \l " --I rrl-t/ vr o X" .l . lrj-r!ia

sicvz :zirx?'v
a

Sie N-A-V : z?rJ,-l_-, x

vJ- fi .tI : xfrtsi_2.
By the (N-A) cTcci-sirreness of T an6- tire ,fact that

(Vl e A: xfrr) anA (Vi c i/: x?.i;) r^ie obtain x,r.y. Surpose zpy.
Thcn N-A-vl is (ir-a)*a-'r-mos'b decisrve for- (z,y). fhis o-f course
implic's that N-A-.t is (lf-a)*dcc:sir.e 1t;, f e;:rma 5. tlence there
exists a minimal_ (lrr.-g)_creclsive se _, yr,.: ri_A-t1" As V. I d
and' vt''.1 vt = d, it for-roi^rs trial- Tur ij.nd y' aie not ider:ticar.
However, this contradicts -bhe ,:csuit of r,3pp3 d that t}:ere must
exist a unlque l:inimal (u*a)*..,leicj.sirrc set" so z-T-)y must be false.
Hence yLz holds. Nolr, xly and yilz .*> xlz, i:1. b::ansitivi-i;y.
Thus vt is aL (u-g)-almost decrsive se i for (xrzl . Ther"ef ore,
by le:nme 5, vt is (trr-a)decisj-ve. But ihis con,uradicts the
suppositio:r that v is a rnini-ma_L (u-a)-o"cisisre sct. rhis
contradicti_on esiab,lishes,che lenrna.

I
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Thoorem: rf f bel.ongs to the class of functions which
satisfy U, T, a"nd F', then monotonicity and transit-lvity constitr-rte
a' set of necessary and- sufficicnt conditions for the stability of f.

P,o,-qf : The ne cessity part f orlo-lrs from lerarnas xrzr4- rmd B.
So here we just prove flre sufficiency.

By lemma 9 thcre exists a unique ninimal (rv-d)-decisirre
set lrrhich consists of a single indi-vldua1, say: ,r-l Similarly
there exists a unique minimar (n- it )-decisive sct r,rhich
consists of a single i-ndir-idua1, s.iy, ,rl ancl so or1. re-L T bc
the ord-ered set of eJ-l individuals, T = (it, .. ri, e... titr), such
that i" is mininally (f;- ii, . . . ,ir*I )_eccisi_vc.

rf every individual is iniiifferent among aIl the altcrnati.rcs
then by cond.ition F ali alternatives are socii:.]-'t-), j-ndiff ercnt.
clearry in this situation no incr.ividual has a.ny inccntive to
misrepresent his preferenccs. lior,,r assume that ihcre exists at
least orre indlvldual i,rho is not incliffererri; anong eLl1 a-'t-,uc::latives.
lct i= be thc first inrlr-vidual- rvho is not inclifi.erent a.nong all
alternatives' By the (il- ir-, " 'rir-r )-o"cisiveness of i, no
arternatlve which is not i-ndir.idual t"r= firsi; preferenee can
belong to the choice set. 11 :x1 ,... t"r. iiu the se.L cf ir,= first
preferences then the choice set must be a laoncmpty subset of
', xlr' 'rXl. , ' Therefcre ind j-vi-d-ua:.l i-^ has no incentive to"5 I'

misrepresent his preferences.

rrrespective of individuar ir*1ts preference ordering
alternative which is not a first prefer.cnce tn individual ,rt
ordering can belong to 'r,he ciroice set. As incllviduat i is
t-- i r.'l(*- li.r-,'"ri, f )o"cisive.. ti:e ehoice set mr-r.st bc a subset of
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incentive to misrcprescnt hi-s preferences. By continuing this
hlay Tre see that no inci.ivic1uar is, r. I s ! r, has er\y inccntive
to mlsreprcsent his ,p.efcrcnces. rndivi-d-uals it to ir_l ]:ave
no lncentive to mis::epresent their prefercnces es they are
itrdifferent am.ong all a]-ternativcs. Th"rufore f is stab_'l_c.. tt,iu
completes the prcof of the Theo:,.cm.

It can be easi_ly soen ihat if f sati-sfi_es UrFrf , and
always yields transiti-ve x. then f rrust be mono-brilnic. In view
of this the above theorem can be restated as folfows.

Th*e-o{cul-3 ff f belrrngs to thc class r:f fqnctions which
satisfy urr, and F', flren transitivity is a necessary and

suffj-cient contlition f or thc stabitity of f ,

_Io-a.lle,les._
.L" 1 am greatly inciebted- to Prcfessor Jan:es -lried.nan .for

manJi' hclpful Coir'r..n is ]
1' A sociar deci-sion rule is *e akrlr re.cru,r,e iff

Sxry C S: xfy :) +i : xfri.
i: The pz'cof presents no ciffi-cr,Llties but is rather

tediousr so we omit it"
3. (n")I a.rotuo tl:ie Cartesian products- Il" x"'x fi' (l t:-mes)'
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