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Abstract

It is shown that (i) for the class of binary social
decision rules satisfying neutrality and monotonicity,
strict placement restriction is maximally sufficient
for transitivity and (ii) for the class of binary
social decision rules satisfying neutrality, monoto-
nicity and Pareto-criterion, placement restriction is
maximally sufficient for transitivity.
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Maximal Conditions for Transitivity under Neutral
and Monotonic Binary Social Decision Rules

Satish K. Jain

The purpose of this paper is to obtain the maximal
sufficient condition for transitivity under neutral and monotonic
binary social decision rules. In the context of a class of social
decision rules, a condition is maximally sufficient for transitivity
if it is sufficient for transitivity and is implied by every condi-
tion which ensures transitivity under every social decision rule
belonging to the class in question. Thus, for a class of social
decision rules, the maiimpl sufficient condition for transitivity
is the weakest condition which ensures transitivity under every
social decision rule belonging to the class. e show that a
condition called strict placement restriction is maximally
sufficient for transitivity under the class of neutral and mono-
tonic binary social decision rules, Strict placement restriction
is a condition over triples of alternatives and requires (i) that
there be an alternative in the triple which in every concerned
individual's ordering is uniquely best, or is uniquely medium, or
is uniquely worst or (ii) that there be a pair of distinct

alternatives over which every individual is indifferent,

We also consider the important subclass of binary social

decision rules which satisfy, in addition to the conditions of



neutrality and monotonicity, the Pareto-criterion. e show

that for this class of social decision rules placement restriction
is maximally sufficient for transitivity. The placement restric-
tion, as the name suggests, is a weaker condition than the strict
pPlacement restriction. Placement restriction requires (i) that
thererbe an alternative in the triple such that in every concerned
individual's ordering it is Pest, or uniquely medium, or worst

or (ii) that there be a pair of distinct alternatives such that

eévery individual is indifferent over the pair.l

l. Restrictions on Preferences:

The set of 'social alternatives will be denoted by §. We
assume HS =n > 2 . The set of individuals and the number of
individuals are designated by L and N Tespectively. N is

assuned to be finite and greater than S

A binary relation R over a g6t 35 s (1) reflexiﬁe i%f
¥x €S : x R x (ii) connected iff ¥x,ye S :{x#Yy => xRyv
Y R %) (iii) transitive iff WM ZES E (x By A YR 72 —aa .
0 =) (iv) an ordering iff it is reflexive, connected and '

transitive.

Each individual i el is assumed to have an ordering Ri

P

over S. The symmetric and asymmetric parts of Ri are denoted



by Ii and Ei respectively. The social weak preference
relation is denoted by R and its symmetric and asymmetric

components by I and P respectively. N ( ) will stand for
the number of individuals holding the preferences specified in

the parenthesis, and Nk for the number of individuals holding

the k-th preference ordering.

A social decision rule (SDR) is a functional relation
which for every Nwtgpie (Rl, e as BN), to be written <Ri> in
abbrevia£;5 form, of inéividual orderings (one ordering for each
individual) assigns a unique reflexive‘and connected social weak
preference relation R. An SDR satisfies the condition of
independence of irrelevant alternatives (I) iff whenever <Ri>
and <Ri'> are identical over AcS, R and R' are identical
over A, where R = f(Ri> and - R?! = f<Ri‘> « An. SDR whieh
satisfies condition I will be called a binary SDR. A binéry‘SD%
satisfies (i) neutrality (N) iff ¥ x,v,z,wesS : [[ ¥i : [(x Ry ¥
=y 2 B! w) A (y Ry x <> W Ri' z)l]] —=> [(x Ry <=—>
z R'w) A (yRx <—> wR'z)]] (ii) monotonicity (M) iff

¥ x,vesS : [[ ¥i ¢ [ (x 2L P! v) A (x Is Yoo R v)]l]



ey [xPY—a %0 wls s L ¥ b 8 ¥
(1ii) Pareto-criterion (P) iff ¥ x,yeS : [[ ¥i : x e ia

B s % Pj y =—3> xPy ]al[ ¥ :x Ly vl vy ]

An individual is defined to be concerned with respect
to a triple iff he is not indifferent over every pair of alter-
natives belonging to the triple; otherwise he is unconcerned.

For individual i, in the triple {'x,y,z} y X 15 besgt 1171

o

wadium iff (YR xR 2 ¥ zR xR ¥v);

‘ .~ \
(x Ry Yy & x By z) .

worst iff (y Ry x A z By x) 3 uniquely best iff (x P. ¥ 4

x Py z) 3 uniquely medium iff (y Py x® zv z P xP v ¢

:

and uniquely worst iff (y e x a2 Py .
Now we define two restrictions which specify the permissible

sets of individual orderings. Both the restrictions are defined

over triples of alternatives,

Placement Restriction (PR): It is satisfied over a triple iff

,Ici

here exists (1) an alternative such that it is best in every

Ri or (ii) an alternative such that it is worst in every 'Ri

.



or (iii) an alternative such that it is uniquely medium in

b |

every concerned R, or (iv) a pair of distinct alternatives

such that every individual is indifferent between the alterna-
tives of the pair., More formally, PR holds over {x,y,z}- ife
there exist distinet a,b,c e{x,y,z§ such that [¥i : (a Ri ba

I ¥ e . ! 3 .
aR c) v ¥ :s (@ Ry a A c By al ¥ W |l I, b1, c)

:

3 (b P. aP. c v ¢ B, al by v ¥f t a I. b 1

Strict Placement Restriction (SPR): It is satisfied over a triple

s .
&

iff there exists (i) an alternative such that it is uniquely best
in every concerned R; or (ii) an alternative such that it is
uniquely worst in every concerned R; or (iii) an alternative
such that it is uniquely medium in every, concerned R; or

(iv) a pair of distiﬁct alternatives such that every individual
is indifferent between the alternatives of the pair, i.e., SPR
holds over {x,v,z} iff 3Jdistinct a,b,c ¢ {x,y,z§ such that
[¥ cgncerned 1 i P, baab c) v ¥ concerned i : (b P: ax

eP. a) v ¥ concerned i ¢t (b P. a P. cve P, a B, bl

i i 3 3

¥1cal bl .



2. Conditions for Transitivity:

Theorem 1 : For every neutral and monotonic binary social decision
rule, a sufficient condition for transitivity of social weak pre-
ference relation is that the strict placement restriction holds

over every triple of alternatives.

Proof: Suppose transitivity is violated. Then there are x,¥,z€ S

stech that x R YA ¥ R 2a 2P %

For any a,be S we have, as a consequence of condition N,

&

WA B b % aIb (1)
From (1) and condition M we conclude,
¥.saRb —>» aRb (2)

(2) is equivalent to ,
w3 RD = (¥ : a Ri b) (3)

(3) is equivalent to ,
b Pa —> g1 % PR oa _(4)

Therefore we conclude,

Z P x e— 9% ¢ 2 P x (%)



Now, ¥i : [(z e~ v P, x) a Lz Ii X ony ¥ I x) 1
must be false, otherwise we would obtain, as a consequence of
z P x and conditions N and M, y P x which is false.

Therefore,

T 2 (z P, xR v v z I,

3 X Pi Y) (6)

Similarly, ¥i : [(z . i 7P, ¥) A 2z I x =

z Ry v)] is false, Bo,

:«‘,Hfu - 1 $ - ‘, D 3 )
d4: (YR, zPepxr v ¥ Pooz 1; x) (7)

(3), (6), and (7) imply that the set of individual orderings
over {x,y,z% must contain at least one of the following sets of

orderings

(A) 2P xRy y (B) zP, xRy ¥
a3 3
ya. z2¥F =z 5
- ¢ > yPs 2 Ii X
Lo t L 7 ¥ (D) 2 k¥
“ yb. z 4 %
TR 2 Pi " i 4

[
b S
b



As each of these sets violates SPR, it follows that

SPR 1is a sufficient condition for transitivity.

Lemma 1 ¢ A set of individual orderings over { x,y,z§ violates
strict placement restriction iff it contains one of the following

8 sets of orderings, except for a formal interchange of alter-

natives :

(1) 3¢ xFe v 3 (ii) 1. xP 1R ¢
2.Mﬂy Fs 2 R: X ] 2. z 1I; x By ¥

(i F 1o x B 7B 2 (iv) i =Py Pug
Zv Pi z Ii X 2 2 Pi X Ii v

(V) I X }:“i Y Pi Z &Vi) 3= X Pi Y li Z
26 YIiZPiX 2’@ KIiYPiZ

59‘ ¥ & & -

vit) 1. =x P. YL = Hili) 1. x ;29 ¢

2 ¥ Pi z Ii X 2 ¥ Ii z ?i X

Proof: It can be easily checked that there does not exist an
alternative such that it is uniquely best in every concerned By
iff the set of Ri contains one of the following sets, except

for a formal interchange of alternatives :



(A = PP 2 () » B P 2
v P1 z Pi X Yy Pl X Pi z

el x Be ¥ Bz (D) P ¥R =
z Pi Y Pi X Y Pl z Ii X
r P.iwml.

@) o I. VP, 3

A, Dsy~E and F aré the same as (i), (iii), (iv) and (vii)
respectively. Therefore it suffices to consider only B, C and G,

(B) would violate SPR iff a concerned ordering in which 2z
is not uniqﬁely worst is included. ﬁith the inclusion of such an
ordering one of the 8 sets is cohtained in the set of Ry (&)
would violate SPR iff a concerned ordering in which y is not
uniquely medium is included. With the inclusion of the required
ordering we see that one‘of the 8 seté is included in the seﬁ of
Ry» Finally, (G) would violate SPR only if a concerned ordering
b which 7z is not uniquely worst is included. Excepting the

case when the ordering included is =z Pi X Ii Ys in all other

cases SPR is violated and one of the 8 sets is contained in the
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set of Ay In the case of inclusion of 24Pi X li vy ZPR is
violated iff an ordering in which vw(xvli y) obtains is
included. With the inclusién of the required ordering the set

of R; contains one of the 8 sets. Proof of the lemma is completed

by noting that all the 8 sets violate SPR .-

Theorem 2: For every restriction C on preferences, if C is
a sufficient condition for transitivity of every neutral and

monotonic binary social decision rule then (C—> SPR).
s < 3 %

Proof: For proving the theorem it suffices to show that there
exists an SDR satisfying conditions I, M and N for which SPR

is necessary for transitivity.

i

Let S = %;x,y,z E and L il,2,3,4§ « the SDR 35

characterized as follows :

.

(1) ¥ a,beS s aPb 2%

&
]

R; b A N (a Pyb) >3

@

(2) ¥ a,b€S : aRb %> ““bPa.

As, by lemma 1, SPR is violated iff the set of Ri contains
one of the 8 sets mentioned in the statement of the lemma, for

demonstrating the necessity of SPR for this SDR it suffices to



i1

show that for each of the 8 sets there exists an assignment of
individuals which results in intransitive social weak preference

relation.

For (1), (ii), (3ii) and (vi) take, Ny = NQ = 2 2 and
for (iv), (v), (vii) and (viii), N; =3, N, =1, This results
tor (i), (ii), (v) and (vifi) in x I v » Yy Pz Ayt gz, fop

(ii) and (iv) in x Py Ay I z A vl 2z s, and for (vi} and {(vii)

i o x Iy ayla AP 7,

]

Corollary 1: For every restriction C on preferences, if C is
a sufficient condition for transitivity of every neutral and mono-
tonic binary social decision rule satisfying anonymity then

(C ——> s5sPR ).

Proof: Immediate in view of the fact that the SDR in the proof

of theorem 2 satisfies anonymity.

Theorem 3 : For every neutral and monotonic binary social decision
rule satisfying the Pareto-criterion, a sufficient condition for
transitivity of social weak preference relation is that the placement

restriction holds over every triple of alternatives.,



i2

Proof: Suppose transitivity is violated. Then there are

ey 2 €5 suqh that " Ry » ¥y B 2 Az F v,

As neutrality and monotonicity are satisfied, as in the proof of

theorem 1, we conclude that

Fi: 2P ox {1}
ai:[zPixRiyszix?iy] (2)
Hi:[yi{izPij_x ¥ e 21 7] (3)
(2) —-—-—) 3i zﬁl y : (4)

As Y R z holds and Pareto-criterion is satisfied,
we conclude ‘that |
(4) —> 3i : yP. z (5]

(3} - 33 (6)

LR
<

v

o

As we have x Ry and Pareto-criterion holds, it follows that

(6) ———> Ji : xPiy (7)

(1) through (7) imply thét PR 1is violated. Thus violation
of transitivity implies violation of PR, i.e., PR is a sufficient

condition for transitivity. o
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Lemma 2 : A set of individual orderings over -{x,y,zi»'violates
PR 1iff it contains one of the following 10 sets of orderings,

except for a formal interchange of alternatives :

i) Y o P Y P 7 () ¥z Py P 2
2o YPiZPiX 2% ZPiXIiy
(i) 1. x e v B2 (iv) . s, v8 2
2 N Ii 2 Pi X 25 72 Pi v Pi X
3c Y Pi X Ii z
Tl do w P Y P, 2 ’ i) L = Ps ¥ 1
2 2 Pi Y Pi X 25 Y Pi z Ii X
3% % 1, z Py 352 Py xd. ¥
(vii) 1. x I; vy P; z (vilil 1. xB 9P
2¢. ¥ily 2P % 3, yPoodia

3. 24, xF 9y - .
3 i 3 7 1; x Py ¥
ki) 1y x P ylsz (x) lo. x1I,v P: 2
s Y Pi ; I; x ; 2 ¥ Pi z Ii X
Sz Ii X Pi y 3 7 Ii X Pi Yy

Proof: It can be easily seen that there do not exist distinct

a,b e%x,y,zi such that forv ¥i : a I__.L b iff the set of Ri
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contains one of the following -4 sets, except for a formal

interchange of alternatives :

Yy Pi z Ii X Yy Ii 2z Pi X

N

8} xP. .y 1 (D} * xP. vP. =

1 b

(A) would vio;aﬁe PR iff an ordering in which 2z is

not worst is includedi EWith ihe inclusion of such an ordering

the set of R; contains one'of the 10 sets. (B) would violate

PR iff an ordering in whicb Y 1is not best is included. With
the incluéicn of réquired éfdering one of the 10 sets is contained
in the set of R, - (C) would violate PR only if an ordering in
which 2z 1is not worst is included. -In all cases, excepting when
= Pi - Pi ¥ or ¥ Ii z Pi Yy 1is included, PR is viqlated and one
of the 10 sets is contained in the set of Ri' & x P: z Pi Y
or x Ii z Pi Yy is included then PR 1is violated iff an ordering
in which x is not best is included. With the inclusion of re-

quired ordering the set of R; contains one of the 10 sets.



a5

Finally, consider (D). PR would be violated bnly if an
ordering in which x 1is not best is included. With the inclusion
of such an ordering, excepting the cases when vy Pi % Pi 2 or
2 Pi Yy Pi X or Y Pi X Ii Z 48 included, PR is violated and

one of the 10 sets is contained in the set of Ri. 3TN Pi X Pi 2

or: - ¥ Pi X 1i z 1is included then PR 1is violated iff an ordering

in which 2z 1is not worst is included, and in the case of inclusion

of z Pi Y Pi X PR 1is violated iff a concerned ordering in which

y is not uniquely medidém is included. In all cases, with the in-
clusion of required ordering one of the 10 sets is contained in
the set of Ri. This establishes the lemma in view of the fact

that all 10 sets violate PR .
Theorem 4 : For every restriction C on preferences, if C is

a sufficient condition for transitivity of every Pareto-inclusive

neutral and monotonic binary social decision rule then (C ——>» PR),

Proof: For proving the theorem it suffices to show that there
exists an SDR satisfying conditions I, M, N and P for which PR

is necessary for transitivity.
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ek 5 o= {X,Y,zi anil | = %l,Q,.;.,PEg, where N
is a multiple of 60. We take SDR to be the two-thirds majority

rule which is characterized as follows :

¥abes: aRb «=> N (P a)g—2 [N(aP, b)+

N (b #i a)l.

As, by lemma 2, PR is violated iff the set of R, contains
one of the 10 sets mentioned in the statement of the lemma, for
showing the. necessityhbf; PR for the above SDR it suffices to

show that for each of these sets there exists an assignment of

individuals which results in intransitive social weak preference

relation,
For Li); {i1) and (111} take, Ny = N, = _g~ $ for (iv) and
: N : N : S

(v), Nl =357 Ny = Ny = “%* # for (vi) and (vii), N, = “%w N+1,
N \

Ny, = =5=, Ny = —& N-l ; for (viii), Ny = Ny = Ny = = ; for

. » ™ "t N ~ 7 Ny {
iix), Ny =, Ne 5 ¢+ Ny =23 and for (¥}, Ny = —%~ :
Ny =—g~, Ny = —5-, This results in, for (i), (iii) and (iv) in
XL YAYP 2z AaxIz,; for 44y (v) and (vi) ima x Py Ayl A

x I z, and for (vii) through (x) in x I ¥ 9 1 Z AxP 2.2
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Corollary 2 : For every restriction C on preferences, if C
is a sufficient condition for transitivity of every Pareto-
inclusive neutral and monotonic binary social decision rule

satisfying anonymity then (C —> PR).

Proof: As the SDR in the proof of theorem 4 satisfies anonymity

the result follows immediately.

g
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Footnotes

For the classes of social decision rules in question,
maximal conditions for’quasi—transitivity have been
obtained by Sen [5]. Sen has shown that for every
monotonic and neutral binary social decision rule value
restriction is a sufficient condition for quasi-transitivity,
and for every Pareto-inclusive monotonic and neutral
binary social decision rule (value restriction or limited
agreement) is a sufficient condition for quasi-transitivity.

The maximality of these conditions can be easily verified.
- - :

:

This demonstrates that placement restriction is necessary
and sufficient for transitivity under the two-thirds
majority rule. In [4] it is shown that placement restriction
is a necessary and sufficient condition for transitivity
under every special majority rule, not just under the two-
thirds majority rule,
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