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Characterization of Rationality Conditions

in Terms of Minimsl Decisive Set

The purpose of this note is to characterize wvarious
rationality conditions in terms of minimal decisive sets
for the class of social decision rules which satisfy the
condition of independence of irrelevant alternatives,
strict Pareto~criterion, monotonicity and neutrality:

First, we define the various terms which would be

used in the analysis:

Definition 1: A social decision rule (SDR) is a functional
relation f such that for any set of N
individual orderings Rl,jj:,RN (One ordering
for each individual), one and only one

reflexive and connected social preference

relation R is determined,

R=fmr.“’%).

Definition 2 Condition of Independence of Irrelevant

- .o

Alternatives (I): ILet R and R' be the

social binary.reiatigns determined by f
corresponding respectively to two sets of
individual orderings, (Ry, [ RN) and

(R{, ces, Rﬁ): If for all pairs of alterna—
tives X,y iﬁ a subset A\of‘S,,x Ri-y.<~> X Rgvy:
for all i, then x R y <=> X R}‘y, for all

X,y G_A .



Definition 3: Monotonicity (M): For all pairs (R ,T:-,RN)
" and (R}, -++,RY) of N-tuples of individual

HE

] A

orderings in the domain of a SDR f, which maps

_them respectively into R and R', monotonicity

holds iff vx,y € S:

A

——

A .

- ‘(xPy = P y) . (xIY =

e .y - B . _
vovis (x By Yy = X By y) t(x Iy =

x5 %)
x Rggp)

Definition 4: Neutrality (N): For all pairs (Rl,:j?, N) and

Definition 5:

+

Definition T

.

(R --»,R&) of N~-tuples of individual orderings

17°

in the domain of a social decision rule f,

which maps them respectively into R and R',if

Y x,y,2,w €St | (vi: xRy ¥ <=> z Ry

- .’
A~ (y Rx<=>w R’z)v%

neutrality holds-

Strict Pareto-criterion (F) : ix,y € St

(i : x I. y => x I ¥) .

¥

R is acyclic over S iff
ij Xl’ -ao’ Xj GS 3

X P Xpn e AR P X, w} x R x4
R is quasi-transitive over S iff
¥ X,¥,2 € S ¢

xPyryPz = xP 2z .

, then and only then

w) i

wRi Z) t -> 2(ny<-> z R' W

(v ¢ x R, ¥ and Gl x Py y) => x P y% and
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Definition 8: R is transitive over S iff ¥x,y,z € S:

XRy+« yRz = xR z+

Definition 9: A set of individuals V is decisive iff for

2all x,y € 8t v1ieV:xP; V¥ ~> xPy-

L] (]

Definition 10: A set of individuals V is a minimal decisive
set iff it is a decisive set and no proper

subset of it is a decisive set:
Definition 11: A set of individuals V is (N=A) decisive iff
{x,ye S:VigAc: xI; y-¥iegV: xPiy->

¥

x Py, whc;re AC_){;I:I and ANV = 7‘*

i

Definition 12: A set of individuals V is minimally (N=4)

decisive iff V is (N=A)=-decisive and no

proper subset of V is (N-A)—decisive:

Definition 13: Condition of Unrestricted Domain (U): The
domain of f must include all logicaliy

possible combinations of individual orderinge:

Theorem 1 : Iet £ satisfy U,I,P,M and N- Then, f yields
acyclic R iff for every A, every set of k (k £ n) minimal
(N=A)=decisive sets hasenonempty intersection, where myjis

the number of alternatives ih S(the set of social alternativu)

\

Proof: Suppose for some A, a set of k(k £ n) minimal (N-a)-

decisive sets have empty intersection. Assume the following

configuration of preferences:-



Yiga ’ 0Lz Lo IR
¥ieg Vi ; xi Pi Xo
ieg TV, : %, Pi Xy
Fle Ve F T Pi %
vie M : X Py X

(]

Notice that every individual has an ordering over S-
k .
This is possible because () v, is empty: Now by the (N-4)-
j=1 :

decisiveness of Vi, ey, Vk we have

X P Xy, Xg P oEgy ccvy oMoy PER, K P A
So, acyclicity is violated-

Now assume that acyclicity is violated. Iet <‘Ri >
violate acyclicity over (x ,::T,xk):' Let the social
preference be |
Let N, be the set of individuals who are indifferent among
all alternatives belonging to ;Xi’:':’xklij Now construct

< Ri > as follows-

. VoS-
(a)\gieNo aixl Ii---Iixk;:
(p) W X,y G{X]_y *t 0y ngg

t
(x P; y 6> x P, y), for all i g N-N,
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(C) 5 th ’ Xabze er Tty xk ‘:

o _ 'y . ‘
th I; xtz -> Xil Pi x$2 , iff %, > tl, for

all i ¢ N-NO°

(a) for all X A Xy T
'
x, I; %y > X Py X o for all i ¢ N-N/

(e) For all i g N-N,
. _
x) Iy e = K By X
Clearly every individual ¢ N has either a strong

ordering or null ordering over,  X;,°‘‘,X ~in the
- A

i

situation < Ri >: Also B—-a_Rl_gxeg——xIT;¢ATx§ by M{ we have
P P - - - - P kg Py . | .
Consider the restriction of < R& > over ' xXp, X

We have 71 ¢ NJ * x; Ii Xp, ¥1 € Ny 2 X Pi x, and
{1 N-N_-I : x; P} %+ This yields x, P xge So Ny is
(N~NO)-decisi§e by conditions M and N. Hence there exists
a minimal‘(N-No)-decisive set V; ~ Nl?’ Similarly by consi-
dering other pairs of alternatives (Xj, Xj+l), the existence
of minimal decisive sets Vz, T;', Vk can be demonstrated:
Suppose the intersection of jii Vj is nonempty, then fon

ie
J

| —

V. we have
1 J f

1 ’ - 1
Xy Py % Py o000 By X Py Xy

But this violates the assumption that every individual
k
preference relation is an ordering- Hence i Vj must
j=1
be empty- This completes the proof- /
D\M‘WVM »\7,.& N
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corem 2 : ILet f satisfy U,I,B,M and N- Then, f yields
. .
quasi=transitive R iff for every A, there exists a unique

minimal (N=A)=decisive sete

Proof : See Guha:1l: for a proof-

Theorem # : Let f satisfy U,I,B,M, and N- Then, f yields
transitive'R iff for every A, there exists a unigque minimal

(N-A)=decisive set consisting of a single individualj

Sufficiency:

.

Proof : The uniqueness of (N;A)-minimal decisive set
followé from Theorem 2: Sd the only thing that we have to
prove is that the unique minimel (N=-A)-decisive setconsiabs
of a single individual- Suppose for some A, the unique
minimal (N-A) decisive set V consists of more than one
individualT Partition V into V, and V. where Vi consisté

1 2
of a single individual- Consider the following configuration

\

of individual preferences:

¥i g Vi : Xy 2
“i g Vé ; Z XYy
vi g N=V=-A ; ¥y 2 X
fi g A ‘ (xyz) »

4

As we have {1 ¢ V : x P ¥ and Y1 g A ¢ x Ii Yy We
must have x P y, by the (N=A)-decisiveness of V. Now.
%?i.e N-V2~A ty Pi z and ¥1i ¢ Vé A Pi yand¥iegAd:y Ii Z,
so we must have y R z because Vé is a proper subset of a

minimal (N-A)-decisive set-



N
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NowxPy~yRz => xPaz
However oniy individual 1 prefers x to z:- This means that
individual 1 is (N-A) decisive. This contradicts the fact
that V is a minimal (N-A)-decisive set. This contradiction
establishes the sufficiency part§ |
Necessity part

Assume that for every A, there is a unique minimal
(N-A)~decisive set consisting of a single individuale We
now show that this implies that R must be transitives
Suppose not, then there exists a situation < Ri > which

violates transitivity over some triple, say,ix,y,z} .

Without any loss of generality assume

yR 2 Az2Rx A (yRx).
As there is a unique minimal (N=~A)~decisive set for every
A, R must be quasi-transitive by theorem 2-
In view of quasi-transitivity it follows that R is
XPy+ryIz xI z- TLet the resfriction of < Ri > over
{Ly}beasfdlmmzﬁielﬁ gxpiy,fieliz yPixzmd

2
z ¢ X I, y+ This yields x P y+ Hence N, is (N-NZ)-

¥ieg N

o0

decisive- ILet individual j ¢ Ni constitute the unique B}
minimal (N—NS)—decisive set- As there exists a unique

minimal (N-4)-decisive set consisting of a single individual

for every A, it follows that y I z —§¥Ei eN:yI;z and

x I z=>Vigh: x Ii z. Now x Pj vy and y ij Z =X Pj Z

by the transitivity of individual preferences-. However

this negates ¥i ¢ N : x I, 2, as established above. This

contradiction establishes the theorem



In view of above theorems, for the class of functions
which satisfy U,I,P,M, and N we get the following characte-

rization of rationality conditions-

(1) A function violates acyclicity iff for some A, a set
of k(k < n) minimal (N-A)=decisive sets have empty

intersection-

(2) A function satisfies acyclicity but violates quasi-tran-
sitivity iff for some A, there are at least two (N=A)-
minimal decisive sets and for every A, every set of
k(k < n) minimal (N-A)-decisive sets has nonempty

intersection-

(3) A function satisfies quasi-transitivity but violates
transitivity iff for every A, there’is a unique
minimal (N=-A)=-decisive set and for some A the unique
minimal (N:i)-decisive set contains at least two

individuals-

(4) A function satisfies transitivity iff for every A4,
there is a unique minimal (N=A)=decisive set

consisting of a single individualT
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