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Abstract

It is shown that for every non-minority rule
a necessary and sufficient condition (i) for
quasi-transitivity is that value-restriction
or weakly conflictive preferences or unique-
value restriction holds over every triple of
alternatives (ii) for transitivity is that
conflictive preferences or extreme-value
restriction holds over every triple of alter-
natives.
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Non-Minority Rules: Characterization of Configurations
with Rational Social Preferences

Satish K. Jain

The purpose of this paper is to derive necessary
and sufficient conditions for quasi-transitivity and
transitivity of non-minority rules. One member of this
class, namely the simple non-minority rule, also known
as absolute (strict) majority rule, has been widely
discussed in the literature. Several conditions on
configurations of individual preferences have been
formulated for the rationality of the social preference
relation generated by the simple non-minority rule.
Dummett and Farquharson [2] have shown that if in every
triple of alternatives there exists an alternative which
no individual regards as uniquely worst then the simple
non-minority rule yields acyclic social preferences.
Pattanaik [6] showed that the existence of an alternative
in every triple which is regarded by none as uniquely
best also guarantees acyclicity. In [3] Fine has derived
necessary and sufficient conditions for the transitivity

of the social preference relation.



We show that for every non-minority rule a
necessary and sufficient condition for quasi-transitivity
of the social preference relation is that the configuration
of individual preferences satisfies, over every triple of
alternatives, value-restriction (VR) or weakly conflictive
preferences (WCP) or unique-value restriction (UWR). For
every non-minority rule, satisfaction of extreme-value
restriction (EVR) or conflictive preferences (CP) over
every triple of alternatives is shown to be both necessary
and sufficient for transitivity of the social preference
relation. Of the four restrictions introduced in this
paper, WCP and CP are partial antagonism conditions while
UVR and EVR are in the same spirit as Sen's extremal

restriction.

‘The interesting feature that emerges is that the
necessary and sufficient conditions for quasi-transitivity
or transitivity are same for all non-minority rules. This
is in sharp contrast to the case of majority rules where

conditions for transitivity are known to be different.



While extremal restriction is both necessary and
sufficient for transitivity of the social preference
relation generated by the simple majority rule, it is
not sufficient for transitivity of the social preference

relation generated by the two-thirds majority rule.

Restrictions on Preferences:

The set of social alternatives would be denoted
by S. The cardinality n of S would be assumed to be
finite and greater than 2. The set of individuals and
the number of individuals are designated by L and N
respectively. N ( ) would stand for the number of
individuals holding the preferences specified in the

parentheses and N_ for the number of individuals

k
holding the k-th preference ordering. Each individual
ieL 1is assumed to have an ordering Ri defined over

S. The symmetric and asymmetric parts aof Ri are denoted
by Ii and Pi respectively. The social preference

relation is denoted by R and its symmetric and asymmetric

components by I and P respectively.



Non-Minority Rules : ¥x,y€ES ¢ x Ry 4iff N (y Py X)

1

< p N, where p 1is a fraction such that 5

£ p <1l
For p = -%r we obtain the familiar simple non-minority

rule.

An individual is defined to be concerned with
respect to a triple iff he is not indifferent over every
pair of alternatives belonging to the triple; otherwise
he is unconcerned. .For individual i, in the triple
{x, ¥ z} 3y % 1s best iff (x R, ¥ & x Ry %) .3
medium iff (y R;, xRy z v z Ry x Ry y) ; worst iff
(y Ry x A z Ry X) 3 wuniquely best iff (x P;y A x Py z);
uniquely medium iff (y Py x Py z v z P, x P, Y) ;3 and
uniquely worst iff (y P, x A z P; x). Now, we define
several restrictions which specify the permissible sets

of individual orderings. All these restrictions are defined

over triples of alternatives.

Value - Restriction (VR) : VR holds over a triple iff
there is an alternative in the triple such that all
concerned individuals agree that it is not best or all
;oncerned individuals agree that it is not medium or all

concerned individuals agree that it is not worst.



Weakly Conflictive Preferences (WCP) : Whenever an
individual considers an alternative best in some strong
ordering as worst, he regards the alternative worst in

the strong ordering as best ; or alternatively whenever

an individual considers an alternative worst in some

strong ordering as best, he regards the alternative best

in the strong ordering as worst. Formally, WCP holds

over {x, Yy zg- iff [ ¥ a,b,c € {x, Y z% : [ Bi:.
(aPibPicl)——) ¥i : ((bRiaAcRia)——-> ¢ Ry b)]]
v [¥ a,b,c € {x, Y, z} ¢ [ 4132 (& P! b P, c ) —p

¥ ¢ ({ ¢ Ry anac R, b ) —> b Ry a 1

Unique - Value Restriction (UVR) : There exist distinct
alternatives a and b in the triple such that a is
not wuniquely medium in any Ri sy b 1is not uniquely best
in any Ri y and whenever b is best in an Ri a is
worst in that Ri s or alternatively there exist distinct
a and b 1in the triple such that a is not uniquely
medium in any Ri, b is not uniquely worst in any Ri,

and whenever b is worst in an Ri a 1s best in that

Ri‘ More formally, WR holds over § Xv Vg z} Aff



[ 3 distinct a, b, ¢ ¢ {x, Y z} :¥i: [((aR; ba
aR; c )v (b Ry a Ac R; a )) A ( a Ry b v ¢ Ri b )
A(bRiaAbRic—-) ¢ R, a)l]lv [ 3distinct

a, b, ¢ € {x, ¥y zg' : M1 ¢ [ (( a R; b A a Ry ¢ ) v
(b Ri aan ¢ Ri a)) A (b R, a v b R; ¢ ) A ( a Ri b

ACR b —> a R; ¢ ) 1

Extreme - Value Restriction (EVR) : If an alternative

is uniquely best in some ordering then in no ordering

can 1t be medium unless it is worst also 3 or alter-
natively if an alternative is uniquely worst in some

ordering then in no ordering can it be medium unless it

is best also, i.e., EVR holds over the triple {:x, Y, z}

1£1 [Va,b,CE{x,y,zi‘: 31 3 (aP; bA
aP,c) — ¥i: [(bRiaRic———) CR a)aAa

(¢ R; a Ry b —> b R; a JJ1] v [ ¥ a, b, c € {x, Ty z§ £
[ 3i:(bP ancPp a)— w: [ (bR, aR, ¢

i

e B 3 TR ) & (e Ry aR; b —> a R; ¢ )]]l.

Conflictive Preferences (CP) : A set of individual

orderings satisfies CP over the triple {Vx, Ys 2 g



iff (i) there exists a partition of Le into Ly
and L2, where Lc is the set of individuals concerned
with respect to %;x, Y, z.g » such that ¥i € Ll have
the same R - ordering , say , x Ri Y Ri z and

¥i € L2 have the opposite R - ordering =z Ri Y Ri X

and (ii) ¥wi € L, consider x to be uniquely best

and ¥i € ;2 consider x to be uniquely worst.

Lemma 1 : Conditions of value-restriction, weakly
conflictive preferences and unique-value restriction

are logically independent of each other.

Proof : The following 8 examples constitute a proof

of complete logical independence of VR, WCP, and UVR.

(1) X Pi Y P; z

X Pi z Pi Y
All three restrictions are satisfied.
§2) y Pi z Pi X

z Pi Ve Pi X

Yy Pi X Ii z

% Pi X Ii Y

VR and WCP are satisfied and UVR is violated.



(3) x Pi y Pi z

Yy Pi 7 Pi X

VR and UVR are satisfied but WCP is violated.

(4) vy ?. x Py
¥ P, 2 Pi

P;
i
Z Pi Yy Pi

VR is satisfied and both WCP and UVR are violated.

(5) «x P, ¥ P, z

=

Yy Ii ya Pi
z Ii X Pi Yy

Both WCP and UVR are satisfied and VR is violated.

z I.l X Pi Y
Ii Yy Pi z

VR and WR are violated and WCP is satisfied.

(7) X Pi y P, z
Yy Pi 7 P.l X
X Pi z Pl y
- Ii Yy Pi X
¥ I, P, %



UVR is satisfied and VR and WCP are violated.

(8) X Pi y Pi ¥
Y Pi z Pi X

z Pi X Pi Yy

All three restrictions are violated.

Lemma 2 : Extreme-value restriction and conflictive
preferences conditions are logically independent of each

other.
Proof : The proof consists of the following 4 examples:

(1) X P, Yy P, 2

Both EVR and CP are satisfied.

N

(2) x P, vy Pi

- I Pi

=

N

x P, ¥ Ii

®

XY Pi

CP 1is satisfied and EVR 1is violated.
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£3) X Pi Yy Pi z

X Pi z Pi Yy

EVR is satisfied but CP 1is wviolated.

(4) x Py ¥ Ii Z

X Ii Yy Pi z

Both CP and EVR are violated.

Necessary and Sufficient Conditions for Quasi-Transitivity

Lemma 3 : A set of individual orderings violates all

three restrictions VR, WCP and WR over a triple
{jx, ¥ % g iff it contains one of the following four

3-ordering sets, except for a formal interchange of

alternatives ;

(A) X Pl y Pi z (B) X Pi y Pi z
Y Pl z Pi X y Pi z Pi X
Z Pl X Pi y z Pi X Ii y
{T) x Py Pi z (D) X Pi y Pi z
y P1 z Pi X Y Pi z Il X
z I, x P.'Y z I. x P, ¥
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Proof : From the definition of WCP it follows that
it is violated iff the set of orderings contains one
of the following four sets, except for a formal inter-

change of alternatives,

() X Pi Yy P oz (i1) «x P,y P, z
yP 2.3, x

i : & Y Pi z Pi X
z Ii X Pi y

{141) o P, ¥ Pi z (iv) x P, yP z

X Pi z Pi y Y Pi X Pi z

z Ii X Pi Y z Ii x P,y

z Pi Y I.l X X Pi z Ii Y

(1) It is the same set as D.

(ii) This configuration does not violate either VR
or UWR. To violate UVR we have to include [ y P, x
Pi z v iz Pi X Pi Yy v ( z P, v Pi X A X Pi z Pi y )
v x I, zP Yy v z P, x I,y ] « Excepting the cases

when we include vy P, x P:.L z or ( =z Pi y Pi X Ax Pz

'P:.L Y ) » in all other cases VR is also violated and



it is seen that the set of Ri includes one of the
four sets (A) - (D). To violate VR, if vy P, x Pi z
is included for violating WR, we have to include

[ concerned Ry ¢ z Ry x R, v v ( concerned R; :

X R, z Ri’y A concerned R, : z R; y Ry x )], and
in case ( 2z Pi Yy P, x AX P, z Pi Y ) is included
for violation of UVR, ( concerned Ry ¢ z R, x Ry vy
v concerned Ry ¢+ v Ri X Ri z ) has to be included.
With the required inclusion the set of Ri contains

one of the four sets (A) - (D).

(iii) Neither VR nor UVR is violated. VR would

be violated iff a concerned ordering in which vy is
best is included. Excepting the case when we include

Y Ii z Pi X » in all other cases WR 1is also violated
and one of the four sets (A) - (D) is contained in the
set of Ri. In the case of inclusion of vy Ii z Pi .
WR is violated iff we include [ y Pl oz vz P, x

P,y v yP z i B i I;x v yI x P. z ].



In all cases one of (A) - (D) is contained in the

set of Ri.

(iv) Again, neither VR nor UVR is violated. VR
would be violated iff a concerned ordering in which x
is worst is included. In all cases other than the case
of inclusion of =z Pi Y Ii X, UVR 1is also violated
and one of (A) - (D) 1is contained in the set of R; .
In the case of inclusion of 2z Pi y Ii x , UWR is
violated iff we include [ x P.zP y v yPz P, x
v z Py P x v y I, zP, x v y P, zI, x J. In
all cases we see that one of the four sets (A) - (D)

is contained in the set of Ri.

The proof of the lemma is completed by noting
that all the four sets (A) - (D) violate all three

restrictions.

Theorem 1 : For every non-minority rule, a necessary
and sufficient condition for quasi-transitivity of the
social preference relation is that ( VR v WCP v

WR ) holds over every triple of alternatives.



Proof : Sufficiency

Suppose quasi-transitivity is violated. Then
for some x, y, z € S we must have x P YAY Pz a

wl x Pg )

x Py ey N(xP y)>pN (1)
y Pz ey N (vy Pi z)>pN (2)
m(xPz)-—}N(xPiz)gpN

—> N(zR x)» (1-p) N (3)
(L) & (2] % Hi: P,y P 2, (4)

as 'éf $p <1l

(2) A (3) —> Ji: vy Pi z Ri X (5)

(1) »  (3) —> 3i: zR xPy (6)

(4), (5) and (6) imply that the set of individual
orderings must contain one of the following 4 sets

of orderings ,

(a) x P,y P, z (b) x Py oy P; z
y Pi z Pi X y Pi z Pi X
z Pi X Pi Yy z Ii x Pi Yy
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(c) x P, y P, z (d) x P, y P, z
Yy Pi z Ii X y Pi 2 Ii X
z Pi x Pyy z Ii x P,y

As each one of these sets violates all 3 restrictions
VR, WCP and UVR it follows that (VR v WCP v UVR) is

sufficient for quasi-transitivity.

Necessity

If a set of orderings violates all 3 restrictions
VR, WCP and UWR then by lemma 3 it must contain one of
the four sets A, B, C and D, except for a formal inter-
change of alternatives. Therefore, fér proving the
necessity of ( VR v WCP v WR ) it suffices to
show that for each of the four sets there exists an
assignment of individuals which results in violation of
quasi-transitivity., For A, C and D choose Nl = pN,
= (l-p) N . For this assignment we have
N (x Pi Y) >pN, N (y P, z) > pN and N (x Pi z) =
PN . So X PyAayPzA wv(x P z). For B choose

=N, = (l-p) N ., As N(yPiz)>pN,



S T T

N (z Pi x) >pN and N (y By x) = pN, this results

in yPza zPxiax v (y P x).

Necessary and Sufficient Conditions for Transitivity

Lemma 4 : A set of individual orderings violates
both CP and EVR iff it includes one of the .
following four 2-ordering sets, except for a

formal interchange of alternatives $

(A) x Psy P; 2 (B) x P,y P, z
y Pi z Pi,x y Pi z Ii X
(c) X Pi y P, z (D) x Py I; =z
z Ii X Pi Y % Ii y Pi z

Proof : From the definition of CP it follows that

a set of individual orderings violates CP iff it
contains one of the following 8 sets of orderings,

except for a formal interchange of alternatives,
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(1) x P, y P oz (2) x P, y Py oz
Yy Pl z Pi X Yy Pl z Il X
(3) x P,y P, z (4) X Pi y I,z
z I:L X Pi Y X Il y Pi z
(5) xP, yP z (6) x P, yP z
X Pl Z Pi Y y Pl X Pi z
(7) X Pi Y1,z (8) vy I, z P, x
y P, x 1y z z I, x P,y

The first four sets are the same as A, B, C and D,

so it suffices to consider the remaining 4 sets.

For violating EVR for (5) we must include an
ordering in which x 1is medium without being worst or
an ordering in which vy is uniquely best or an
ordering in which 2z 1is uniquely best. But then the

set of R, would contain one of the sets (A) = (D).



Similarly, for (6) EVR is violated iff an
ordering is included in which 2z is medium without
being best or an ordering in which x is uniquely
worst or an ordering iﬁ which y 1is uniquely
worst, With the inclusion of the required ordering
the set of R; contains one of the sets (A) - (D).
(7) would violate EVR only if an R; in which some
alternative is uniquely worst is included. With the
inclusion of an ordering in which some alternative is

uniquely worst, excepting the cases when x P:.L z P, v

i
or y Pi z Pi X 1is included, EVR 1is violated and
one of (A) - (D) 4is contained in the set of Ryo If
X Pi z PiY or Yy Pi z P.l X is included +then EVR is
violated iff an ordering is included in which x or

Yy 1is medium without being worst or =z is uniquely
best. In each of these cases the set of Ri contains
one of the sets (A) - (D). Finally, (8) would violate

EVR only if an Ri in which some alternative is uniquely

best is included. Again we see that with the inclusion



of required ordering, excepting the cases when

X Pi z Pi Y or -y Pi z Pi X 1is included, EVR is
violated and the set of Ri contains one of the
sets (A) - (D). To violate EVR when the Ry
included is X Pi z Pi Y or 'Y Pi z Pi X 5 One
must include an Ri in which x or y is medium
without being best or 2z 1is uniquely worst. In
each case EVR 1is violated and the set of Ri
contains one of the four sets (A)-(D). The proof is

completed by noting that each of the four sets (A) - (D)

violates both CP and EVR.

Theorem 2 : For every non-minority rule, a necessary
and sufficient condition for transitivity of the social
R 1is that (CP v EVR) holds over every triple of

alternatives.

Proof : Sufficiency

Let transitivity be violated. Then for some

X, Yo Z€ S we must have x Ry Ay Rz az P x.



xRy —» N(yP x)gpN

1
—> N(xR y) » (l-p) N (1)

Similarly,

YRz — N(yR z) ) (l-p) N (2)

zZ Px — N(zPix)>pN (3)

(1) A 3) —» 3Fi: z Py xR Y (4)

(2) A (3) —> 3Ji: yR zP x (5)

(4) and (5) imply that the set of individual orderings

must contain one of the following four sets of orderings,

(a) z P, x Py y (b) z Py x Py y
Y Pi z P:L X Y Il z Pi X
(¢) z Py x Ii y (d) z Pi X Ii y
Yy P:L z Pi X Y Ii z Pl X

As each of these sets violates both CP and EVR it
follows that ( CP v EVR ) is sufficient for

transitivity.



Necessity :

Let both EVR and CP be violated. Then,
by lemma 4, the set of Ri must contain one of the
four sets A, B, C and D of lemma 4, except for a
formal interchange of alternatives. Therefore it
suffices to show that for each of the four sets
there exists an assignment of individuals which
results in intransitive social preferences, For
each case take Nl =N, . For A and B this
results in X Iy hn y2z2ra 21 2, for € in
X Py AN vV I 2 A X0 Z and for D rin x Iy A
¥Y¥Ig x XP2z. This establishes the necessity
of ( EVR v CP ) for transitivity of the

social R generated by a non-minority =rule.
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