Necessary and Sufficient Conditions for
Quasi-Transitivity and Transitivity of
Pareto-Inclusive Non-iinority Rules

Satish K. Jain
Centre for Economic Studies and rlanning
J awaharlal Nehru University
New Delhi 110067

INDTIA

Abstract

It is shown that (i) for every Pareto-inclusive
non-minority rule a necessary and sufficient
~condition for quasi-transitivity is that limited
agreement or Latin Square unique value restriction
holds over every triple of alternatives (ii) for
every special Pareto-inclusive non-minority rule
a necessary and sufficient condition for transi-
tivity is that strong value restriction or absence
of unique extremal value holds over every triple
of alternatives (iii) for simple Pareto-inclusive
non-minority rule a necessary and sufficient
condition for transitivity is that strongly echoic
preferences or strong value restriction or absence
of unique extremal value is satisfied over every
triple of alternatives.
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In this paper we derive necessary and sufficient
conditions for quasi-transitivity and transitivity of
Pareto-inclusive non-minority rules. It is shown that
for every Pareto-inclusive non-minority rule, limited
agreement and Latin Square unique value restriction
constitute a set of necessary and sufficient conditions
for the quasi-transitivity of the social preference
relation. Unlike the case of quasi-transitivity, conditions
for transitivity do not turn out to be identical for all

Pareto-inclusive non-minority rules. vhereas for simple

Pareto-inclusive non-minority rule strong value restriction,

strongly echoic preferences and the absence of unique
extremal value constitute a set of necessary and sufficient
conditions for transitivity, for special Pareto-inclusive
non-minority rules a necessary and sufficient condition

for transitivity is that the condition of absence of
extremal value or strong value restriction holds over

every triple of alternatives.
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l. Hestrictions on Preferences

The set of social alternatives would be denoted by
5. The cardinality n of S would be assumed to be finite
and greater than 2. The set of individuals and the number
of individuals are designated by L and I« respectively.
N 1is assumed to be finite and greater than 2. N ( ) would
stand for the number of individuals holding the preferences

specified in the pa rentheses and Nk for the number of

individuals holding the k-th preference ordering. Each

individual i€ L 1is assumed to have an ordering Ri defined
over S. The symmetric and asymmetric parts of Ri are denoted
by Ii and Pi respectively. The social preference relation
is denoted by R and its symmetric and asymmetric components

by 1 and P respectively.

Pareto-Inclusive Non-iinority Rules:

¥ X,yeS :

X Ry w[(NW‘ﬁ_x)> pN) V(Vi:YfH xaJ3i s

y P; x)], where p is a fraction such that 7%~< p < 1l. For
o = —%— we obtain the familiar simple Pareto-inclusive non-

minority rule.



An individual is defined to be concerned with respect
to a triple iff he is not indifferent over every pair of
alternatives belonging to the triple; otherwise he is
unconcerned. For individual i, in the triple-{x,y,zg ’
X 1is best iff (x Ry vax Ri z) ; 'medium iff (y Ri x Ry
vV oz Ry x Ry y) s worst iff (y R; xaz R X) 3 uniquely
best iff (x Py yAx Py z) ; uniquely medium iff (y Py x
P.z Vv oz Pi x Py y) ; and uniquely worst iff (y Psox A
z Pi x). Now we define several restrictions which specify
the permissible sets of individual orderings. All these

restrictions are defined over triples of alternatives.

Limited Agreement (LA) ¢ LA holds over {x,y,z % iff there
exist distinct a,be {x,y,z} such that ¥ie€L : a R, b.

Latin Square Unique Value Restriction (LSUVR): There does

not exist an alternative belonging to the trip;e such that

it is uniquely medium in some Ri’ uniquely best in some R,

uniquely worst in some Rk and %Hi’ Rj, Rk% form a Latin

Sjuare., Formally, LSWR holds over %x,y,z} iff
“ [Ja,b,ce {my,zfAiaiJ,kel.: (alﬁ bPic Abiﬁ

chaAcE{kaPkb)J.
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strong Value Restriction (SVR): SVR is satisfied over a
triple iff there exists (i) an alternative such that it is

best in every R; or (ii) an alternative such that it is
worst in every R; or (iii) an alternative such that it
is uniguely medium in every concerned Hi or (iv) a pair

of distinct alternatives such that every individual is
indifferent between the alternatives of the pair. Iiore
formally, SVR holds over %x,y,zf iff there exist distinct
a,b,c € {x,y,zg such that [ ¥i : ( a R; baa Ry ) v

¥i : (b Ry anc R; a ) v % concerned i : (b P, a Py ¢

vV ¢ P ap b) v ¥i: a I; b ].

Absence of Unigue Extremal Value €AUEV) : There does not
exist an alternative such that it is uniquely best in some

Ri or there does not exist an alternative such that it is
uniquely worst in some Ri. Formally, AUEV holds over ix,y,z }
iffv [ Jdistinct a,b,c € {x,y,z} and 3ieL : (a Py ba

1

aPp, c Ji v

w [ T distinct a,b,ce {x,y,2{ and i€l : (b k; a A
cPiall.

Strongly Echoic Preferences (3EP) : SiP holds over {x,y,z§
iff [~ (31 : x Ii % Ii z) A 3Jdistinct a,b,c € {X,Y,Zg :

¥i : [a Ry ¢ A (a P, ¢ —> a P bPrc)ll.



2. Quasi-Transitivity of Pareto-Inclusive Non-ilinority

Rules

Theorem 1 : For every Pareto-inclusive non-minority rule,
a necessary and sufficient condition for quasi-transitivity
is that (LA v L35WR) holds over every triple of alter-

natives.

Proof:

Sufficiency:

Suppose quasi-transitivity is violated. Then for

some X,Y,z ¢ S, we must have
X PyayPz A~ (xPz)
X Py —a [N(x Piy) > pN] v [¥Wi: x Ry vadit x Py v]) (1
y Pz — [N(y P, z)>Nj v [¥i: y Ry zr3i: y Py z] (2)
“~(x P z) — [N(x P, z) € pNJ A-[¥is x Ry z~3i : x Py 2]
— [N (x Py z) K phj A [3i: z P, X vV ¥i: z Ry X |

— [3i: 2z P, x A N(x P;z) ¢ pN] v ¥i: z R; X (3)

(1) — 3i : x Py Yy (4)
(2) —> 3i : y Py oz (5)
() —> N (zR x)» (l-p) N (6)

Suppose V¥i: x R; y. By (5) then there exists an

individual for whom x P, z holds. Then (3) implies that



4i : z Pi X . This in turn implies that 3 i : z Pi y
and therefore N (y Py z) > pN . (6) together with

Ny Py z) > pN implies that Ji : vy P, z Ry x, i.e.,
there exists an individual for whom vy Pi x holds. This
is a contradiction as we had assumed that ¥i : x Ri Y.

Therefore we conclude that ~ (¥i : x R; Y), which implies
iy P, x (7)

and N (x Pi y) > pN (8)

By a similar argument it can be established that

“ (¥i: y Ri z) which entails

i z P,y (9)
and N (y P; z) > pN (10)
As 3 ¢ p <1, (8 and (10) imply that

Ji ¢ x Py oy P, z (11)
(3) and (11) — 3i : 2z P, x | (12)
(6) and {(8) —s Ji: z Ry x Py oy (13)
(6) and (10) —> 31 : y Pz R x (14)

(11), (13) and (14) imply that LSUVR is violated.
(4), (7), (5), (9), (11) and (12) imply that LA is violated.

Thus we have shown that violation of quasi-transitivity



implies violation of both L5UVR and LA. Therefore we
conclude that (LA v L3WR) is sufficient for quasi-

transitivity of every Pareto-inclusive non-minority rule.

Necessity:

It can be easily checked that a set of individual

orderings violates both LSUVR and LA iff the set of Ri

contains one of the following six sets of orderings, except
for a formal interchange of alternatives. Therefore, to
prove the necessity of (LA v L3SUVR) for quasi-transitivity
it suffices to show that for each of these sets there exists
an assignment of individuals such that the social preference

relation violates quasi-transitivity.

(A) x Py y P, oz (B) «x P,y Py oz
Yy Pi z Pi X Yy Pi z Pl X

z Pi X Pi Y z Ii X Pl y

(c) x P, y Py oz (L) «x P, Y Py z
Y Pl z Il X Yy Pi'z i, x

z Pl X Pi Y z Ii X Pi Y

z Pi y Pi X

() x Py v Pz (F) x P, yP 2z
b Pi z Ii X Y Pi z 1i X

z 1, x Py z I, x Py y

z P,y Ii X 2 I. P. x

-
=
+



For (A), (B) and (C) take Nl = pN, N2 - N3 - lerIN

_ (1-p)N

and for (D), (E) and (F) N, = pN, Ny = Ny = Ny = 3 .

This results in x Py a y Pz ar v (x P z).

3. Transitivity of Pareto-Inclusive Special Non-iinority Rules

Lemma 1 ¢ A set of Ri violates SVR and AUZV iff it contains

one of the following 8 sets of orderings, except for a formal

interchange of alternatives,

(A) x Py P,z (B) X Py P, z
Y Pl z Pi X z Pl X Il Y

(c) X Pi y Py z (D) x Pyy P, z
y Il z Pi X z Pl Yy Pi X

Y Pi X Ii z

(E) X Py Pi z (F) Y Pi X Il z
zPinlx inzPly

X Il z Pl y X Pi Y Pi z

(G) vy P; x I, z (H) Yy P, x I, z
X 11 z Pl y X Il z Pi y

X Pi Yy Ii z X Il Yy Pi z



Proof: From the definition of AUEV it follows that it

is violated iff the set of R; contains one of the following

3 sets of orderings, except for a formal interchange of

alternatives,

(1) «x Piy P,z (ii) «x P,y Iz (iii) x Py Ii z

X Ii y Pi z y Ii z Pi X

First consider (i). SVR would be violated only if
an ordering in which x 1is not best is included. In all

Cases, excepting those when vy Pi X Pi z or y Pi X Ii z

or z Pi Y Pi X is included, SVR is violated and one of
the 8 sets is included in the set of Ri. In the cases of

inclusion of vy Pi X Pi zZ or y Pi X Ii z , SVR 1is

violated iff an ordering in which 2z is not worst is
included. With the inclusion of an ordering in which z

is not worst, the set of Ri contains one of the 8 sets.
If z Pi Y Pi X 1s included then $SVR is vioclated iff

a concerned ordering in which y is not uniquely medium
is included. With the inclusion of such an ordering the

set of Ri contains one of the 8 sets.

Next we consider (ii). SVR would be violated only
if an ordering in which x is not best is included. In

all cases excepting those when vy Pi X Pi Z or vy Pi X I__.L z



is included, SVR is violated and the set of Ri contains
one of the 8'sets. In case we include Y P.l X Pi zZ oOr
y Pi X Ii z, SVR is violated iff an ordering in which z

is not worst is included. #ith the inclusion of such an

ordering the set of Ri contains one of the 8 sets.

Finally, (iii) would violate SVR iff an ordering is

included in which Yy Ii z does not hold. With the inclusion
of reguired ordering the set of Ri contains one of the 8

sets. The proof is completed by noting that all the 8

sets violate both the restrictions.

Theorem 2 : For every Pareto-inclusive special non-
minority rule ( %f< p <1 ), a necessary and sufficient

condition for transitivity is that (SVih v AUEV) holds
over every triple of alternatives.

Proof:

sufficiencys

Suppose transitivity is violated. Then for some

X,Y,2 € S we must have X Rya yRznr 2z P X,

X RYy = oy Px
—> « [IN (v Py x) > pNj v [¥i: y Ry x~disy P xJ)



—> [N (y P. x) £ pNJ al3i: x P,y v ¥i: xR A

_ [Hi:xpiyAN(y P, x) $ PN} v ¥i: x R, y (1)

Similarly, y Rz — [ 3i: Y Pi z AN(z Pi v)€ pNJ v

Yi: Y R; z : (2)

2z Px -3 [N(zP; x)>pN]v [¥i: z R; xa3Jisz P, x] (3)

(1) = N (xR y)» (1-p) N (4)
(2) — N (y R 2z) » (1-p) N | (5)
(3) —> 3i: z Py x (6)

Suppose ¥i: x R, y. Then (6) implies that 3 i:
z P,y which in turn implies, by (2), that there exists
an individual for whom vy Pi z holds. From ¥i: x Ri Yy
and Ji: vy Pi z we conclude that Ji: x Pi z and
therefore by (3), N (z Py x) > pN. But (5) together
with N (z P x) > pN implies that Ji: vy R; z P, x entailing |
that there is an individual for whom vy Pi x obtains, which
contradicts our assumption that ¥i: x Ri Y. Therefore,

(¥i @ x Ry y) is false, i.e.,

di : y P, x (7)
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By a similar argument it can be shown that w(¥i: vy Ry z)

holds and so

Fi: z Py (8)
(7) and (1) —> 3i: x P,y (9)
(8) and (2) -—» Ji sy P, z (10)

First suppose that N (z Py x) > pN. Then by (4)

and (5) we must have

Ji sz Pi X Ri y and 9 i : vy Ri z P.l X .

This coupled with (9) and (10) implies that both AUEV

and SVR are violated.

Next we assume that (¥i: z R; xa Ji: z Py x). Then

by (9) and (10) we conclude that

gi : z Ri X Pi y and 3 i vy Pi z Ri X

This together with (6) implies that both AUEV and 3Vi are

violated.

Thus we have shown that whenever a Pareto-inclusive
special non-minority rule violates transitivity both SVR
and AUEV are violated, i.e., (SViX v AUcV) is a sufficient

condition for transitivity.
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Necessity:

By lemma 1 a set of Ri violates AUEV and 35VR iff it
contains one of the 8 sets (A) - (H), except for a formal
interchange of alternatives. . Therefore it suffice$ to show
that for each of these 8 sets there exists an assignment of
individuals which results in intransitive social preference

relation. For (A), (B) and (C) take N N, , for (L), (E)

l =
and (G),'Nl = pN, Ny = (1-p) N-1, Ny =1, for (F), Ny = pN-1,

Ny = (1-p) N, Ny = 1, where N }——2—5}1-—-.-— , and for (H), N =
(l=p)N-1 , N2 = pN , N3 = 1. Then the social preference

relation is, for (A), (C) and (D), x I yaAayPzax1z,
for (B) and (E) , x Pyay Iza x Iz, and for (F), (G)
and (H)y, xIyavyIzaxPz. Thus in each case transi-
tivity is violated which establishes the necessity of"

(sVR v AUEV).

4. Transitivity of Pareto-Inclusive Simple Non-iinority
Rule

Lemma 2 : A set of R; violates all three restrictions SVR,

AUEV and SEP iff it contains one of the following 8 sets

of orderings, except for a formal interchange of alterna- '

tives;



(i) x P,y Pz (ii) X Pi Y Pi z
Yy Pl z P:L X z Pi X Il Yy

(iii) x P,y P, z (iv) x P,y Pi z
Yy Il z Pi X z Pl Y Pi X

Y Pi X Ii z

(v) x Py P, z (vi) y Py x I, z
z Pl Y Pl X X Ii z Pl y

X Il z Pi Yy X Pl Yy Ii z

(vii) vy P, x I, z (viii) vy Pix I,z
X Il z Py X Ii z Py

X Ii Y Pi z X Pi y Pi z

X Il Y Ii z

Proof: From lemma 1 we know that a set of Ri violates

SVR and AUEV iff it contains one of the 8 sets (A) - (H).
Except (F), all other sets violate SEP also. Sets (i)

to (vii) are the same as these sets. F would violaée SEP 1ff
an ordering not already in the set is included. Uith the
inclusion of required ordering the set of Ri contains one of
the 3 sets (i) - (viii). 4s (i) - (viii) violate all

three restrictions, lemma is established.
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Theorem 3: For pareto~-inclusive simple non-minority rule,
a necessary and sufficient condition for transitivity 1s
that (SVR v AUEV WV SEP) holds over every triple of

‘alternatives.

Proof:s OSuppose fransitivity 1is violated. Then for some

X,¥YyZ €5 we must have nyAszAsz.

x Ry — [mi: x Py YA N(YPiX)éN/ZJV

¥i t x Ry Y (L)

vy Rz — [‘ai:yPizAN (ZPiY)-$ N/2J v

¥i : Y R, 2z (2)

z P x — [N(zPix)>N/2]v[¥i:zRixA

31z Py X} . (3)
(1) —> N (x By Y) ¥ N/»o (4)
(2) —> N (v By z) » N/2 . ()
(3) — Fi: z Py X (6)

(4) and (5) —> [3i ¢ xRy Y Ry z] v
[N (xR vyrz Py y) = N/oAN (y Ry z

Yy Pi X) = N/Q_ J (7)

Suppose ¥i t X Ry V- Then (6) implies that 31 3

z Py Y which implies that 31 + Y Py 2 in view of (2).
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Vi:xRiy and ai:ypiz imply that Ei:xPiz
and therefore by (3), N (z gy x) > N/o. But then (%)
coupled with N (z Pibx) > Np implies that Ji: vy P, x
which contradicts W¥Wi: x Ri Y. Thus ¥i: x Ri‘y is

impossible. By a similar reasoning ¥i: y Ri z 1is

impossible. Thus,

3i: y P, x and (8)
di: oz by (9)
(L) and (8) — Ji : x Py ' (10)
(2) and (9) —> 3Ji : vy P, z (11)

By (3) either N (z P, x) > N/o or (¥i: z Ry x »
Ji: z Py x). First suppose that N(z Py x) > N/o .
N (z Py x) >N/2 A (4) —> Ti: z P; x By y (12)
N (z Py x) > N/o A (B) —> Ji:y Ry z Py x (13)

(12) and (13) imply a violation of AUEV. (10) and (1l)

1

together with (12) and (13) imply that SVA and SEP are
violated. Thus, N (z P, x) > N/p implies that all three

restrictions are violated.

Next suppose that ¥i : z Ri x and Fi: z Pi X .

(10) A ¥i: 2z R, x —> 3Fi: 2 Ry x Py y (14)
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(L1) A ¥i: z Ry x —-—> Jisy P, z Ry x (15)

(14) and (15) imply that AUEV is violated. From (6),
(14) and (15) we conclude that SVR is violated and
from (6), (7), (14) and (15) that 3EP is violated. Thus,

(¥i: 2z Ry xa Ji: z Py x) also implies that all three

restrictions are violated. Therefore, (AUZV v SVR WV

58P) 1is sufficient for transitivity.

Necessity:

By lemma 2 a set 6f Ri violates all three restrictions

AUZV, SVR and SEP iff it includes one of the sets (i) -
(viii) of lemma 2, except for a formal interchange of
alternatives. e prove the necessity of (AaUEV v VR v
SEP) for transitivity by showing that for each of the 8
sets there exists an assignment of individuals which results

in intransitive social preferences.

For (i), (ii) and (iii) take N N, , for (iv) ,

l=

(v) and (vi) Ny N/o , Ny = N/p -1, Ny =1, for (vii)
Nl = N/2 -1, N2 = N/Q, N3 = 1 and for (Viii) Nl = NZ =

N

Il

5= Ny = N/4 . This results, for (i), (iii) and (iv) in

x IyayPzax1z, for (ii) and (v) in x Py s y I z 4
x I z and for (vi), (vii) and (viii) in x Iy~ y I z 4

x Pz .
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