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Semi-*trict ir,iajorit! Rules : Necessary e_nd

sufficient conditions for i?uasi-rransitivity
and Transiiivity

Satish K Jain

under the majority rure an arternative is decrared

to be socially better u'ran another if and onry if the nuraber

of people who prefer the former to the ratter is moxe than

harf of the number of peopre who are concerned wiilr respect

to the two alt,ernatives in questionr tshd under the strict
majority rule if and onry if the number of individuals who

prefer the forner to the ratter is more than harf of the

total number of individuals. Semi-strict majority rules axe

more demanding than the rnajority rule but ress stringent
than the strict majority rule. The requirement in the case

of a semi-strict r,,rajority rule for declaring,an arternative
to be sociarly better than another is that the number of
people who prefer the former to the ratter is more than half
of sorne specified convex combination of the number of people

who are nonindifferent over the tr.ro alternatives and the

total number of indivi"duals.
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Inada tSJ and Sen and Pattanaik [8] have obtained

necessary and sufficient conditions for quasi-transitivity

and transitivity of the social preference relation generated

by the majority ru1e. They have shown that for quasi-

transitivity a necessary and sufficient condition is that

over every triple of alternatj.ves value-restriction or

]imited agreement or extremal restriction holds. For

transitivityr Dccessity and sufficiency of extremal restriction

has been established. In [ 6rgJ necessary and sufficient

condil;ions for quasi-transitivity and transitivity of strict

majorj.ty'-ru1e have been derived. A necessary and sufflcient

conciition .'ox quasi-transitivity of the social preference

relatj-on generated by the strict, majority rule is that the

Latin $quare unique vaLue restrictlon holds over every triple

of alternatives. The satisfactlon of the conclition of

conflictive preferences or extrex"re - value rasii:rction oy ji

every triple of alternatives constitutes a necessary and

sufficient condition for the transitivity of the social

preference relatlon generated by the strict majorlty rule.
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This paper is concerned with the cierivation of necessary

and sufficient conditions for quasi-transitivity and

iransltivity of semi-strie t majority rule.s. i{e show that,

for every semi-strict majority rule a necessary and

sufficient conc.ition for quasi-transitivity is that t,he

conciii,ion of absence of r"lnique extreraal value or value-

restriction holris CIver every triple of, alternatives and

for transitivity is that the conclition of strongry

antagonistic preferences or partial agreement or sirict

placement restriction holds over every triple of alterirat1ves.

Twd interesting features of these results are worth

noting. The condj"tions for alr semi-strict majorlty rules

are ioenticar for quasi-transitivity a$ well as transitivity

and tt"iey are dif,ferent from the comesponding conditions

for the majority rule and ihe strict majority rure. How

close a rule is to the majority rule or the strict majority

rule does not make any difference. Ihe only thrinE that seems

to rnatter is that the rule ries in between the two rules.

rf every individual has riichotomous preferences then

both majority anci strict majority rules yielci quasi-transitive

3



social pxefere*ce$. This !,vould lead or:e to exp+cr: ;i:*';

semi-strlct majority rules, being the product of combininE

the two rulesr r,vould also yietrd quasi-transitive social

preferences if every individualrs preferelces are dichotomous.

However, one obtains the paradoxical result that for no

serai.-strict majority rule is the concliion of dichotomous

preferences sufficient for quasi-transitlvity" The conditions

for transitivity also dlsplay a similar discontinuity.

Restrictions on Preferences

Thg set of social alternatives would be cienoted by S.
i

The cardinality n of 5 rvould be assumed to be finite and

greater than 2. The set of individuals arrd the nuraber of

indiviriuals are designated by L ar:ci N respee tively. i:ach

incliviciual i ; L is assumed t-o have an ordering

ovex Sn The symmetric and asynrmetric parts of

ni defined

Ri are

denoteqi i:y ii and Pi respectively. The scciar preference

relation is denoted by il and iis symrnetric and asymmetric

components by 3, and P respectively. N ( ) would stand

for the number of lndividuals holding the preferences specified

in the parentheses, and t{f for the number of individua}s

holding the k*th preference ordering.

I
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Semi-sirict majority rules ; Vxr y€S : x R y +-.>

(f-p)l*.11 , where p isafractionsuchthat O(p<1,

an individuar is defined to be concerned y;ith respect

to a triple iff he is not indifferent over every pair of

alternatlves belonging to the triplel otherwise he is
unconcerned. For individua] i, in the tripre i *, y, , t ,(,)
x is best iff (x Ri y ^ x R:. z); rnedium iff (y Ri x &i z

v z R:-xR:.y); worstiff (VRixlzRix); uniquely

best iff (x Pi y 
^ x Fi z) ; unique)-y mediurn iff (V Fi x

Pi z v , PL x Pi y) ; and uniqueJ.y rororst iff (V pi x A

+Dv\- ^i '!\ t'

i.Jow 
"re 

rlefine several restrie tions urhieh sp*cify the

pe::ra5-ssible sets of inoiviciual orderings. r+II the restrie tions

are defined over triples of al_ternatives.

value :'restrictlon (va) : rt horcrs over a triple iff there

i-s an art,ernitive in the triple such that, arr concerned

individuals agre€ flrat it is not best or agree that it is not

mediurn or agree that it is not worst.
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absence of l"Jnique Hxtremal Value (aUeV): It holds iff there

does not exist an alternatirre such thet it is uniquely best

in some fri or there does not exist an alternative such

that it is uniquely worst in some Ri. Formally' AUS/ holds
)-l

over lx, yr zi iff ..,r I taistinct tr b' c i: i*, Yt "i
f i: (a Pi b ,'a Pi c)]v.^[ -jdistinct d1 b' c "l*t Yt rl

l:.:(bPiaAcPia)J.

strict Place;nent i{estriction (sp*) : It is satisfied over a

triple iff there exists (i) an alternative such that it is

uniquely best !n every concerned Ri or (il) an alternative
"' ,,

such that it is uniquely vlorst i.n every concerned Rl or

(iii) an alternative sueh that it is uniquely medium in

every concerned Ri or (iv) a pair of distinct aLternatives

such that every individual is indifferent betlveen the

alternatives of the pairy i"e., SPll holcis over \ * 7

I , Yr ,(

iff I distinct 6e b'

(aPibr' aPic)v

Yconcerned i r (b

1a Ii D J.

c € {-*, 
yr ,t such that I v concernedr

L

cv concerned i : (b Pi a A

riaPic v cPiaPib)
'Pia) v

v Vil



Fartial .'rgreei.nent ( lrir) ; It is satisfir.cl ov{:i: a triple

iff every individual is concerned lvii,h respect to the triple

and there exists an alternative belonging to i,he triple

which is considered to be best }:y all or consldered worst

by all, i. e. , PA holds o -- - ( '- 
'7

verlx,yr,i iff [.a(:i:
..'i

xliyliz) n ldistinct i' brce f *, y, zq": Vi:
\)

(a R, b,n a Ri e)lv l.-" (-li: x Ii y Ii z),r :lcistinct
C

01 b, c € J *, yr rt : Vi e (n n, a ^ 
c Ri aiJ.(i

Strongly
(
1*' '!t

that '

I vi: {a

i vi: (a

.-,fl'utgorris tic Preferences (Sep)
I

z'( iff _l distinct a, b, c (
-\

3

C

t *'

t?

Y,

ovel

such

holds
)
L

)

, r 'l
D) )

Conditions for Quasi - Transitivity

Theorem 1 I For every semi-strict majority rulel &

neces$arY and sufficient condltion for the quasi-transitivity

of the sacial preferenee relation is that the condition of

absence of unique extremar value or value-res'briction holds

over every tripJ"e of alternatives.
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Proof I Fuf{icjency

Sen [9j has shown that for every rnonotonic and

neuiral binary social deci-sion rule value-restriction

is a sufficient condition for the quasi-transitivity of

the social preference relation. As every semi-strict

majority rule satisfj.es i,he e onditj-on of independence of

irrelevant alternati'res, monotonicity and neutlality, the

sufflciency of value-restriction follows as a corollary

of Senrs theorem.

. ..$uppose

Then the set of

of either *l

ij-s satisfied over the tri;:Ie i x, y, ,i,
.- 1

over i xr Yr z 'i must be a subset

rln whi"ch erc as follor.rs:z

J.

1.

t>

,>
.., o

*o

xP.vI.zLa
yP. z I. x

1

zP.xI.vta

xI.vI.zLL

Tiz

Io

Zo

3o

4,

x I. v P.l-' l-

v I. z P.'1"1

zI,xP,LJ

xI.vI.
111

Because of

y P z irttply

Z

Y

t

syametry

x P z,

Consider the set of ordering$ :r1.

it is sufficient 'to sholq that x F y and

AUEY
{l

DIt.
L

or

,_l
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iJeces sitv#

I't can be easily eheckecl thai a set of Ri violates

bot.h 1i]i ai:cl AUE1,I over a triple i *, Yr ,-': iff the set

of ii* includes one of the following 9 sets of orderings,
a

except for a farmal interchange of alt*rnatives:

tr,/ x i)" v V. zl.a(p')

(;')

xP.YP.zL ' l-

vP. z. P. x'L1

zP.xP,YLL

x i. V ?. Za'1

v t'. z L. x'l-1

z L'. x i. v
l_1'

Dry
:-

r. ,/\
L

P-v
l"

(B) x Pi y

\rD.7I 1i

z P. x
]"

(Hj

ihe ne ce ssit,y of (VIi

for each of the above

z. ?. x
].

xi:iY

r. L
a

i-i v
I

I.Y
J.

,vr ;'. \,t P " Z
"}- ' ].

":'F\,
.-ia

,L4

I ...- .,t 't \a

ai-

xP.vI.z
II

YI. z P. x'11-

z L x P. vat4&

x P. v I. z1 "t

v P. zI. x"L1

z I. x P. yt-I

rrF, .i

zT
L

){P:_yfiz

vI. z ir. x'1-]-

q\vJ\/
L L- r\ I. Y

tr

(1)xP.v
l_

vP. z'r-
z I. x

L

Therefore,

suffices to

for proving

show that

l'Ijr/ ) ir

sets there

V
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exists an assignnent of inCividuals vlrhich results in

ncn-quasitransiiive soej-al preferencss o

f or (*)

HG = (2-p )

Nl=N3=

and

&i+L,

fd anci

r l,i = (+-p )

a / m\roi trJ

1'I

and

i'.+ I

Take for (a), (gi anc (Oi Nt = iJ, = I'J- =

Erli,t , i, I [,] = (e-p] id + ]' Ht - N2 - i-1

r 4 2,r'rq^ L -?- ' :- ;(.-ni it "J-
P- '-l\- Y)

1,I
*{.I-o7ii +I and i,,l-= *p.lZ .: '2'

-nrl l'l ll i.I
Clrrv n ! /n \ l!'t .) z \z-pl

lit=*iir iir= H-I and lJ== 2ffi! L-P

(r) lt , ailej - i:-==--g-.";-'r\4/ , ? (f_p) , ,'1 - Z (2_;, r ,

r rnrl IJ I-P ,, T,rris results for (*),4 urrv '*:J - 2-r: rr ' I I

and (H) in x P f .,r. y P z^ ust x P z, for

(;) in yPz'.z Px,r.-',yPx and for

and (i) in z FxnxPy^Ll z Py.

Nz

for (u) M >

= (z-p) iit +

!
;)

I,

j.:1
.--L,

fcr (G)

^ /--\
r or [i-t j

r l/)

(c),

(B)

t;J,

for

t\l

Z-

(G)

and

ftsj

r'l-,'r) *

!. Il\r-I

ir t

.L-L'
- 

* l\t
Z-D

^ t^'t (z-D,T'??--::f ,ir \ r-lr /

l'l+1
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eonditions for transitivity

Lermra ] : .+ set of orderings over a tri"pJ.e i *, yn z 7i.

viclates all three restrictioas spil, pA and r;\p iff

it contains one *f the f *Lr"orving 13 sets of orcierings,

except tor a forit"ral int,erchange sf alteina.tives :

(,.i xPiyPiz (ts) xFiypiz (c) xriypiz
yP, z P. x yI, zp, x zp. xI. v' 1 L - t -i -'i :. L

(") x p, yp" z (e; xii= y !,. z (F) xp. vp. zl" , 1" \_, -i , -i \- / .i - l-

y p. zI, x z I. xp. y vp. z I" x' :r- :- -i 'i t t "i l
x I. Y I. z v T w r*i , *i r /r.i r ri z z Ii x Pi y

(,1) x P" y 1, n t'r\ \, D rr T c- (i) x I. v p. z\", .. -i r *i z i.tJ t; ,L y -i L _ l-

'Ii oT, x yr. zlr x yI, zy. x'I 'i *i " i- L . L 1

v T tr Txriyriz =pixI"iy xliyliz

(.;) xliyPiz (i") xulyliz

yL. z't.t x xI, y F. z' l" ]" *i r 'i

,LL *piy xIiyLi z

(i-,t x Pi y Ii z (;,i) x pi y ri z

y P. zi, x v I z_ p. x' l_ I ' -i - -i

z r:.xFrY z lixriy

t.l
l
l

I

I

I
I

I_t
L
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Proof : It can oe easily checked ti-:.:t, Spil is violated

i f f the set af lii cont,ain$ one of the f ollolving I sets

o.' arderi.ngs, except fcr a formar lnterehange of artcrna'L,ives:

(i) xniyFiz (ri) xFiypiz (iii) xFiy p:-z

)/Pirloix. y Iir?Lx ,pixliy

(iv;xPiyi:,2 tvj xpiypiz (vi) x. Fiyriz

yPirlix z IixPiy yPirlix

/ ..\(vii) x ii y Fi z (viii) x Pi y Ii z

yIi,z,Fix xliyPiz

(i), (ii1 and (iii) are the same as (*), (a; and

(c) respectivelyr so it suffices to consi.der the remaining

five sets. (iv) rvourd violate PA iff either an ordering

in which z is noi worst or an unconcerned ordering is

included. l''fith the incrusion of required ordering, excepting

the case when , Pi y Pi x is included, the set of &i

contains one of the sets (a) (i{). If , ?i y pi x is

included then SAp is viorated iff an ordering not already

I
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contained in the set is included, and with the required

inclusion oile of (g) (*t,t i-s con'bained in the set of Ri.

Anallrsls for the case iv) is similar to that of tiv).

{r'i} would violate pA iff an ordering in which z is

not worst or an unconcerned ordering is included. With

the inclusion of required ordering the set of P.i contains

one of the sets (a) (;'ui). The demonstration for (vii)

is similar tc that of (vi). FJ"nalty consider tviii)"

It would vislate PA only if an ordering in which x is

not best or an unconcerned oraering is included. Ixcept

the ca$es of inclusion of y Pi x Pi z and y Pi z Ii x ,
i

in each case one of the sets (e) (i,i) is contained in

the set of If yPixPiz or y?irlix is

Pi\ is violated iff an orciering in whiehincluded, ti"ren

z is nst 'o.,,srst sr an unconeerned orderinE is included.

The set of cont,ains cne of the sers (-i) (i;i) with

tl're ii.ielusj-on of ihe recluired ordering. The proof of the

lemma is completed by noting that each of the sets (;\) {;,,1)

violates all tlrre* restrictions 
"
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Theorem 2 ; For every semj.-strict majorit"y rule, a

necessary and surfficient e ondition for iransi'uivity

of +,he soeial prefer*nce relat.ion 1s t,i"rat the condition

of strongJ-y antagonisl.ie prefe::ences or partial agreement

or strict placement restriction hrolcis over every triple

of aliernatives.

itroof : .Sufficieney

Suopose trar-rsitivity is violated" Then for some

x, yt z € S,!ve nust have x .li y r y il z ^ z P x.

I -.',x rl y -+ N (y Pi x) ( i v [it(x fi y) + i'i (v pi xij +

I t.
A (1-P ) ;i

) i,i (V Pi x) ( f I L ii. - i; (conce::neci i: x Ii y) j

+ h (r-p) | :. + ii* j ,

',vhere i'dc = numbe::: of inCividuals concerned r,vith

Iosil€et to 1 x, y, Z ani NU = nunber of
i;s

individuals unccncerned rvith respect to { *, yr ,'f
"J

-J .j (concernedi: x,iry) ,r*ti.oipli (concernedi:

x ri y) - * (r-p) i'Ju I1\

I
I
I



I6

+ *o,,Ju tz)

5ini1arly,

yllz 
-i l{(eoncernedi:yrrizi>/ *r,.o*rr,j (

concerned i ! y Ii zi _ + (t_p) llu (,,

*-> lJ (v Rt z) >/ | l; * | o i'i (concerned i :

yri ") *ioi{u t4)

z ? x +,i (z Pi xj, *,u. i n :J (concernu-d i:

.. x ri z) . * (r-p) i{,

ij(concernedi - I i: z xi x) > f i'1. + (i - i p) i't (

eoncernedi:xI 1

i z1 + ! (r-pi j'iu (5)

I{ {* Hi x) > } i; * (r - * p; i.; (concerned i z

x ri z) * b e - p) i{u (6)

(ri 
-+ N (concerned i E x ei v) > *,u. - i (r-p) Nu (?)

(3) -+ r{ (concerned i r y &i z) >/ t *. - t {r-p} Nu (B)

(5), N (concerned i ) zri x), * N" * * (r-p) N., t9)



(s) ^ (e) -+
{7} ^ (e}

z Px --)

L7

':Jconcerned i : y

lconeerned i i z

f t z z

ttZi imp-,ly tha't, ,>prr

R-. z i{. xJ. ]-

i1. x ti. v
1at3!

p\r

i s violated.

(ro1

(u)

t re;

(ro),

lJowr

t (e)

i (+l

From

t2) /1

From

(zl A

(rs1

(rr I anc

,n., lconcernec i : x Ii yj * i,;

A icencerned i : y I:. z) il

(13) \,.re obtain

(4)A f concernedi:
,;

(r+; we obtain

(r:1

(:"+ I

xf,y--+ ti:xri.r.' / "i Y Ri z {rr1

txRiy)r*

(vRi z) rX

i4)

-)

(16 ) -+
From {17)

Itiu=o^

A I cor:cernecl i : y Ii z ---+ _{ i :

[ .-' { I r ; x Pi y) -, (Nu l,i \r

f '--, {,-+ i i y F:_ z) -} (iJu I f,, v

ancl (f*I '/1e conclucie

,*-. (;i ! x pi zlj __) [ f t 3 x

;i:YFi

xR.
l"

lir

f i ! x

?. v A
L

L)

Ri z (r0;

Pi zt Jttz)

Pi zi i (r*)

(le)

v

x
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(19i is equivalent to

Ii'iulu v f i!xr, (.1 i ! x Fi y " -l i :

\t D n ', iI ^t u t J

(fl), (ff) and (24) ir:rply tha'c PA is violated.

$uppose

conclude that

y ri z), tiy

xfr,. vR. z.
l-' ].

sAP holds, in

be viotated.

i{eces,sitv

JAp holds. Then fron (f O1 and (f f 1 !.,,re

( i concerneci i : x Ii y v I concerned i:

(rs1 and (16), this irnplies that, I i :

3ut this conr"radic'Ls our su1-.:1;osition that

.riev; of (Ic) an.J (rr), Therefore sAF must

(20)

social

fnr

By lemma I, & set of Ri over a iriple

violates a.j"1 three restrictions SPR, PA

includes one of the 13 sets (A) (tri) of

for a formal intercl:ange ef alternatives.

proving the necessity of (Spn v PA v 5

to show that for each of ihe 13 sets there

assignnrent of inclividuals \r,,hich re$uLts in

preferences. Take for (g), (g) and (t) i';, = Nz = B ,

fit

cept

or

ices

It

\ *, Y, zlr)
and SAP if

lemma 1, ex

Therefore, f

rrFi it suff

exists an

intransitive

t^ ,2
(-r) anci (E) i',i >t trE- , lJr -r , i.;2 =

-
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(t=p't I'l r ln1n - \ I &1\,t--v )

i,: p. l:i
2 (2*::r i

and Na=+--I,
{ L'y

and s3= X, for

{:"-o ) lt--2 2-D

\r .' 2-(?tP)
'r li p (r-p) '

ror (ri rrt = ryfl-
ancr (1) ii , 3{*f;i ,

DNans i',3 - T_p '

(G)

T

f or (u) an,L (J)

nNill = -f-a^ andry
N3=U+ro-1, for (K) i{>/

:i-= {l+--r.'j ' !};'ir- anir{.,==r*-1, fcr"Jr = ffi + r t L'r2= tztt-p) .-: 4-.u

(i.) i.t_ = 
j!-o) i.l i.i rri - J- (i.iilL j i,l = T ans .\2 - ,u3 - wl and ror

,, I'J 
-\ and i'J- = (1-p) l't . This resurts, forlit = Ii2 = ffi, and liS Z_p c

(c), ts), ('-), tii), (L) ano(i*) in xPy^yi zA xr z1
'fr:r (.-i]r, (n), (;i ancl (I: in x i y ^ y P z A x L z and

for i;i, t;] anii tri ir-r x I ), a y I z ^ x p z .

5I
i.!-,:llrl'.I 2+p I * 

'

? (2.p )
1-p

j

I

l
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